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Abstract
The Standard Model (SM) of particle physics is a well-tested and predictive theory, being cele-
brated as one of the most successful models in newer time. However, non-zero neutrino masses,
the existence of dark matter, and the baryon asymmetry suggest physics beyond the SM since
the SM is not capable of explaining these phenomena. Thus, in order to have a model consistent
with observations, a more complete theory is needed. There are several Beyond the Standard
Model (BSM) scenarios which can replace the SM, and each of them lead to different new physics
signatures. Experimentally, one can search for new physics, either producing it directly in par-
ticle physics experiments or indirectly by observing deviations from the SM prediction. This
makes it possible to test each BSM scenario, and we consider both possibilities in this thesis.
We consider BSM scenarios in the quark and lepton sectors, and study their phenomenological
consequence on measurable observables. A specific example studied in this thesis is sterile
neutrinos, and we consider sterile neutrino masses at the eV, GeV and 1012 GeV scale in the
context of symmetry-generated or structureless neutrino mass models. For the GeV sterile
neutrinos, we find a distinct hierarchy among the flavor-dependent active-sterile mixings in
the symmetry-generated mass models, which acts as a model discriminator. Considering 1012
GeV scaled sterile neutrinos, they can, when combined with thermal leptogenesis, generate the
baryon asymmetry in addition to small neutrino masses. As a result, either a broad or peaked
sterile neutrino mass distribution is predicted from symmetry-generated or anarchical neutrino
mass models, respectively. Anarchical neutrino mass models with eV sterile neutrino leads to
either flavor-independent or flavor-dependent active-sterile mixing distributions, depending on
the method used in the analysis.
Similarly as using symmetries in the neutrino sector, one can also use symmetries in quark
mass models. This thesis consider symmetries capable of quantizing the Cabibbo quark mixing
angle to leading order. As a result, a variety of possible symmetries are obtained, which can be
used to build specific quark mass models.
Probing BSM physics indirectly via astrophysical neutrinos, acts as an alternative to direct
detection, and using the neutrino flavor composition as observable, BSM physics leads to clear
deviations from expectation. Additional information comes from other effects, and it helps in
constraining the parameter space further. Beside discussing different BSM scenarios, we illus-




Das Standardmodell (SM) der Teilchenphysik hat sich in der Praxis als vielseitige Theorie be-
währt, und wird als eines der erfolgreichsten Modelle der modernen Physik angesehen. Den-
noch deuten nichtverschwindende Neutrinomassen, dunkle Materie und Baryonenasymmetrie
auf Physik jenseits des SM (BSM) hin, denn diese Phänomene können durch das SM nicht
begründet werden. Um also ein mit den Beobachtungen konsistentes Modell zu entwickeln, ist
eine umfassendere Theorie nötig. Experimentell kann entweder direkt mit teilchenphysikalischen
Experimenten oder indirekt in Abweichungen von den Vorhersagen des SM nach neuer Physik
gesucht werden. So kann jedes BSM-Szenario getestet werden, wobei in dieser Dissertation beide
Möglichkeiten betrachtet werden.
In dieser Arbeit werden BSM-Szenarien im Quark- sowie im Leptonen-Sektor und deren
phänomenologische Konsequenzen auf messbare Observablen betrachtet. Ein konkretes Beispiel
in dieser Dissertation sind sterile Neutrinos, welche Massen im eV-, GeV- oder 1012 GeV-Bereich
im Kontext symmetrie-erzeugter oder strukturloser Massenmodelle für Neutrinos aufweisen kön-
nen. Für sterile Neutrinos im GeV-Bereich kann eine eindeutige Hierarchie zwischen Flavour-
abhängigem aktiv-sterilen Mischen in den symmetrie-erzeugten Modellen ausgemacht werden,
welche als Diskriminator für verschiedene Modelle im Rahmen zukünftiger Experimente di-
enen können. Sterile Neutrinos im 1012 GeV-Bereich können hingegen, kombiniert mit ther-
mischer Leptogenese, die Baryonenasymmetrie zusätzlich zu kleinen Neutrinomassen erzeugen.
Als Ergebnis wird entweder eine breite oder schmale Verteilung steriler Neutrinomassen von
symmetrie-erzeugten oder anarchischen Modellen für Neutrinomassen vorhergesagt. Anarchische
Modelle für Neutrinomassen mit sterilen Neutrinos im eV-Bereich führen entweder zu Flavour-
unabhängigen oder Flavour-abhängigen aktiv-sterilen Mischungsverteilungen, abhängig von der
in der Untersuchung genutzten Methode.
Ähnlich wie beim Ausnutzen von Symmetrien im Neutrinosektor, kann man Symmetrien auch
in Modellen für Quarkmassen nutzen. In dieser Arbeit werden Symmetrien behandelt, die den
Cabibbo-Winkel für Quarkmischung in führender Ordnung quantisieren können. Dies führt zu
einer Vielzahl möglicher Symmetrien, welche genutzt werden können um spezifische Modelle für
Quarkmassen zu entwickeln.
BSM-Physik indirekt mit Hilfe astrophysikalischer Neutrinos zu testen stellt eine Alternative
zur direkten Detektion dar, und führt bei Betrachtung der Zusammensetzung des Neutrino-
Flavours zu klaren Abweichungen von den Erwartungen. Zusätzliche Informationen können
durch andere Effekte gewonnen werden, was weiter zur Eingrenzung des Parameterraums beiträgt.
Neben der Behandlung verschiedenster BSM-Szenarien wird auch das Potenzial zukünftiger Ex-
perimente betrachtet, vor Allem im Hinblick auf deren Effektivität Physik jenseits des SM zu
testen und zu unterscheiden.
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The theory of elementary particle physics, dubbed the Standard Model (SM), describes three of
four fundamental forces in Nature, namely the electromagnetic, the weak and the strong force.
The SM is considered one of the most successful models in modern physics since its predictions
are consistently verified by data with only a few compelling anomalies. A major achievement
is the joint description of the electromagnetic and the weak forces, leading to the prediction of
neutral gauge bosons. Since then, speculations about combining all forces have emerged, but
an experimental confirmation is still needed. Another great accomplishment is the discovery
of the Higgs boson, explaining the mass generation mechanism for the SM particles (except
for neutrinos). However, it is, in general, a problem of the SM that it leaves its parameters
undetermined, meaning experimental input is needed to determine them. This mystery leads us
to believe that the SM must be considered as an effective theory obtained from the low-energy
limit of a more complete theory, in which its parameters can be derived from first principles.
A complete theory must include new physics since there are a number of observations that
cannot be explained by the SM. The origin of neutrino masses has emerged as one of the
hot topics in particle physics after the observations of neutrino oscillations. Neutrinos were
previously thought to be massless according to the SM, but the existence of neutrino oscillations
implies massive neutrinos (discussed in detail later). Thus, the explanation of non-zero neutrino
mass requires physics beyond the SM. Additionally, the SM is unable to provide a viable dark
matter candidate, and it is not capable of describing the baryon asymmetry. At the same time,
the SM cannot account for an expanding Universe at an accelerating rate, and gravity is not
included at all. Therefore, the SM is extreme successful, yet lack answers for various phenomena.
Thus, one must extend the SM to obtain a theoretical model consistent with observations.
Pursuing a complete theory capable of describing fermion masses and mixings from first prin-
ciples, an underlying mechanism is still not clear. But the hierarchical masses and small mixings
exhibited by quarks and charged leptons seem to suggest that mass matrices are organized by
some yet-unknown symmetry principles. The discovery of neutrino masses and mixings seem
to even complicate the puzzle further since they allow large mixings with a small mass hier-
Chapter 1 Introduction
archy. The first approach uses structured mass matrices originating from symmetries, e.g. see
Refs. [1–5], meaning one must extend the SM’s symmetries. An alternative approach relies on
structureless mass matrices [6, 7], and they may originate from a very complicated (unknown)
theory. We consider both frameworks (symmetrical and anarchical approaches) to explain the
observed fermion mass and mixing values in this dissertation.
An example of BSM physics is sterile neutrinos, i.e. they do not participate in weak in-
teractions compared to its light “active” counterpart. Introducing a sterile neutrino, allows to
generate a neutrino mass. Due to the sterile neutrinos being singlets under the SM’s symmetries,
i.e. not participating in weak interactions, their masses are free parameters. As a consequence,
one can introduce them at any mass scale, leading to a rich phenomenology. This dissertation is
intended as an investigation of the roles of sterile neutrinos at different mass scales in the context
of neutrino mass models. Beside this specific BSM scenario, there are many other possibilities
of physics beyond the SM. We investigate different new physics scenarios in this dissertation,
and study its impact on experimental observables.
To test BSM scenarios, various experiments are looking for possible deviations from the SM,
either via direct or indirect measurements. The Large Hadron Collider (LHC) is a perfect ex-
ample since it tests the SM under more extreme conditions (at higher energies). However, the
LHC is producing the initial particle beam itself, one could also look toward the sky. Several
experiments use particles from the atmosphere and/or the Universe to study new physics scenar-
ios. An example is the IceCube experiment, a giant neutrino telescope, which study the origin
of astrophysical neutrinos. All examples above, shows a rich variety in experiments searching
for BSM physics, and we discuss specific experiments and how they probe new physics in this
dissertation.
The dissertation is structured as follows: in Chapter 2, we discuss mass generation of the
fermions. We start with a general discussion about possible mass terms before summarizing the
measured fermion mass values. As a consequence of fermion mass, a phenomenon called fermion
mixing is possible. We discuss this phenomenon in Chapter 3. We introduce the reader to the
main two fermion mass modeling frameworks in Chapter 4, and we discuss the generation of the
observed mixing parameters within each framework. We start with the terminology associated
with the two frameworks, whereafter we show different models capable of explaining the mixing
parameters. In the end of the chapter, we discuss the current status of the fermion mass modeling
field. Thereafter in Chapter 5, we introduce three GeV sterile neutrinos in the context of neutrino
mass models. We perform both model-independent and model-dependent analyses, and study
their predictions of the active-sterile mixing to future experimental sensitivities. Focusing on
Cabbibo mixing in th quark sector in Chapter 6, we find symmetries which can generate this
observable to leading order. We discuss the possibility of having sterile neutrinos with Grand
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Unified Theory (GUT) scale masses in Chapter 7, and we investigate their mass distribution for
generating a successful baryon asymmetry in the context of structured and structureless mass
matrices. In Chapter 8, we consider eV sterile neutrinos within the framework of structureless
mass matrices, and we show the mass and active-sterile mixing distributions. Considering physics
beyond the SM, we investigate its impact on the flavor composition of astrophysical neutrinos





With the introduction to the Standard Model and its problems, we consider the fermion mass
generation in this chapter. When generating a fermion mass term, two possibilities are possible,
depending on the properties of the fermion, and the specific mass terms for the SM fermions are
discussed in detail. Thereafter, the discovery of the fermions and their masses are considered,
showing the vast difference among the fermion mass values. Additionally, the main proposals for
explaining the smallness of the neutrino masses are discussed. However, we start with the basic
concept/terminology of fermion mass term generation before going more in-depth with specific
details.
2.1 Dirac and Majorana mass terms
A Dirac mass term arises as a result of the Higgs mechanism through the presence of Yukawa
couplings of the fermion fields with the Higgs doublet. After electroweak symmetry breaking,








where v is the Higgs vacuum expectation value, yψ is the Yukawa coupling of the fermion ψ, ψL
(ψR) is the left-handed (right-handed) chiral projection of ψ, i.e. ψL,R = PL,Rψ = 1/2 · (1∓γ5)ψ
using chiral projection operators PL,R = 1/2 · (1∓ γ5), and the matrix γ5 = diag(−1, 1). In the
SM, the charged fermion obtain its mass via a Dirac term since both the left- and right-handed
fermion field are present. However, the Dirac neutrino mass term is forbidden because no right-
handed neutrino field exists, meaning the neutrino remains massless.
Note that only the terms ψRψL and ψLψR survive in Eq. (2.1.1) since the chiral projection
operators PL,R have the properties P 2L,R = PL,R, PL+PR = 1, and PLPR = 0, meaning ψLψL = 0
and ψRψR = 0. However, there is a second possibility for writing a mass term using ψL,R alone
together with its charge conjugated field ψcL,R = Cψ
T
L,R, where C is the charge conjugation
Chapter 2 Fermion mass generation























for the left- and right-handed fermion field, respectively. Here, yψL (yψR) is the Yukawa coupling
of the fermion field ΨL = ψL+ψcL (ΨR = ψR+ψcR), and the Majorana mass matrix is, in general,
symmetric, i.e. MT = M . A major difference between the Dirac and Majorana mass terms is
that the Majorana fields ΨL,R satisfy the relation ΨcL,R = ΨL,R, meaning they are their own
antiparticle. Therefore, a Majorana mass term is forbidden for the charged fermions due to their
electric charge. However, it is possible for a Majorana neutrino mass term since neutrinos are
electrically neutral. To make a Majorana mass term for the left-handed neutrinos renormalizable,
one must introduce a weak isospin triplet with hypercharge Y = 2 since it follows that ψcLψL has
hypercharge equal to Y = −2. However, the SM lacks the weak isospin triplet, making the mass
term forbidden due to the SM SU(2)×U(1) gauge group. A similar mass term can be written for
the right-handed neutrinos (assuming neutrinos being Majorana particles) since they are singlets
under the SM symmetries, i.e. they do not participate in the electroweak force. Additionally, no
weak isospin triplet is needed to construct a Majorana mass term for the right-handed neutrinos.
Specifically for the neutrinos, one can generate an effective Majorana mass term by the di-




(LTLτ2Φ)C†(ΦT τ2LL) + h.c. , (2.1.4)
where g is a gauge coupling, LL is the lepton doublet, Φ is the Higgs field, and M is a high-
energy mass scale. As a consequence of electroweak symmetry breaking, LWeinberg generates a
Majorana mass term such as Eq. (2.1.2) with the neutrino mass mν = gv2/M. The Weinberg
operator is unique since it is the only dimension five operator which can generate a neutrino
mass. Considering higher dimensional operators, there are a vast amount of operators generating
neutrino masses [9]. The Weinberg operator LWeinberg is not acceptable in the SM since the SM
is made up by dimensional four operators. The Weinberg operator is a dimensional five operator,
meaning it is not renormalizable. However, the SM is only an effective low-energy theory of the
symmetry breaking of a high-energy unified theory. Hence, it is plausible that there are effective
low-energy terms which are non-renormalizable. This approach is analogous to that adopted
in the effective non-renormalizable Fermi theory of weak interactions, which is a low-energy
manifestation of the SM.
To recap, the charged fermions obtain their masses via a Dirac mass term, which requires the
16
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existence of both the left- and right-handed fermion field. This is prohibited for the neutrinos
since the SM lacks the right-handed neutrino field. Furthermore, a Majorana mass term is
forbidden for the charged fermions due to their electric charge, whereas it is a possibility for the
electrical neutral neutrinos. However, it is excluded due to the SM lacking a weak isospin triplet,
meaning the term would violate the SM symmetries. However, one can construct an effective
Majorana mass term for the neutrino via the Weinberg operator, but it is non-renormalizable,
meaning it is not acceptable in the SM. Therefore, the neutrinos remain massless in the SM,
whereas the charged fermions obtain a mass. However, their Yukawa couplings are unknown
parameters of the SM, meaning the masses cannot be predicted and must be obtained from
experimental measurements.
2.2 Discovery of the fermions and their mass
The first three flavors of quarks (up, down, and strange) were hypothesized to describe the
multitude of hadrons (the particle zoo) found in the 1960’s[10–12]. The up and down quarks were
discovered at the Stanford Linear Accelerator Center (SLAC) by measuring the deep inelastic
scattering on protons[13, 14]. Charm quarks were produced almost simultaneously by two teams
- one at SLAC, and one at Brookhaven. The charm quarks were observed, bound together with
charm antiquarks in mesons. The two teams had assigned the discovered meson two different
symbols, thus it became formally known as the J/ψ meson [15, 16]. The bottom quark was
observed at Fermilab[17], making it a strong indicator of the top quark’s existence. Without the
top quark, the bottom quark would have no partner. The top quark was discovered at Fermilab
by the CDF[18] and DØ[19] experiments. The current measurements of the quark masses are
summarized as [20]
mu = 2.2± 0.5 MeV, mc = 1.28± 0.03 GeV, mt = 173.1± 0.6 GeV, (2.2.1)
md = 4.7± 0.5 MeV, ms = 96± 6 MeV , mb = 4.18± 0.03 GeV. (2.2.2)
The electron was discovered by J.J. Thomson in 1897[21], whereas the electron neutrino was
postulated by Wolfgang Pauli to preserve conservation of energy in beta decay [22]. The electron
neutrino was discovered in 1956 by measuring the inverse beta decay using the neutrino flux
coming from a nuclear reactor[23]. The muon was discovered in 1936, however it was first
thought to be a meson, but eventually it was reclassified as a lepton since it did not undergo
strong interactions[24, 25]. With two charged and one neutral lepton, it was interesting whether
there existed a neutrino associated with the muon or not. However in 1962, it was showed
that a muon neutrino existed by detecting its interactions[26]. The tau lepton was detected in
17
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different experiments at SLAC[27], and it was expected to have an associated neutrino. The
tau neutrino was discovered by the DONUT experiment at Fermilab in 2000[28], completing the
three generation of leptons - similar to the quarks. The charged lepton masses are (uncertainties
on the electron and muon mass are less than 10−6 - therefore, it is not displayed) [20]
me = 0.51 MeV, mµ = 105.66 MeV and mτ = 1776.86± 0.12 MeV , (2.2.3)
whereas we have no definite information about the neutrino mass. Even though the neutrino is
predicted to be massless in the SM, there is clear evidence from neutrino oscillation experiments
that the neutrino is massive (discussed in detail later). Other experiments provide additional
information about neutrino mass, but there exist only upper limits at this time. Cosmology
is sensitive to the sum of neutrino masses since the neutrinos contribute to the energy density
of the Universe via Ωνh2 =

mν/(94.14 eV). From the Planck measurement of the neutrino
contribution to the energy density Ωνh2 < 0.0076, we obtain the upper limit

mν < 0.72 eV [29].
At the same time, we do not know the absolute neutrino mass scale, and one can determine it
by measuring the end spectrum of the electron in the tritium beta decay process. The spectrum







2F (Z,Re, Ee)peEe(Emaxe − Ee)

(Emaxe − Ee)2 −m2β , (2.2.4)
where GF is the Fermi constant, pe, Ee, and Emaxe are the momentum, energy, and maximum
endpoint energy, respectively, of the electron, F (Z,Re, Ee) is the Fermi function capturing the
correction due to the Coulomb interactions of the electron, |M|2 ∼ 5.3 is the absolute square of
the nuclear matrix element, and the observable is m2β =

i |Uei|2m2i . As seen from Eq. (2.2.4),
the neutrino mass distort the end spectrum, meaning one can obtain a limit. The current upper
limit is mβ < 2 eV [31], whereas the KATRIN experiment is suppose to improve this limit
by an order of magnitude, i.e. mβ < 0.2 eV. Specific for Majorana neutrinos, a process called
neutrinoless double beta decay is possible. Here, two neutrons in a nuclei decay simultaneously,
producing two protons, two electrons, and two electron antineutrinos. Since the neutrino is its
own antiparticle in the case of Majorana neutrinos, the two antineutrinos can annihilate. This
leaves two protons and two electrons, meaning no neutrinos are present in the end. For this
process, the inverse of the half-life can be written as [32]
(T 0ν1/2)







2.3 Smallness of neutrino mass
Figure 2.1: Schematic showing the mass hierarchies for each fermion mass generation. The
charged fermion masses are given by points since they are experimentally measured,
whereas there are only upper limits on the neutrino masses, meaning to the allowed
neutrino mass range is represented by the red line. This is the specific case of
neutrinos with normal ordered masses, i.e.m1 < m2 < m3.
where G0ν is a phase-space factor, M0ν is the nuclear matrix element, and me is the electron




eimi|, and the current upper limit is mββ <
(0.2 − 0.4) eV [33]. There are plans of constructing experiments which are suppose to improve
this limit by an order of magnitude, and the long term goal is setting the limit mββ < 0.01 eV.
All of the limits point toward the neutrino being much lighter than the charged fermions, and
there must be some explanation behind this.
2.3 Smallness of neutrino mass
In Fig. 2.1, the fermion masses are shown. The charged fermions are all within one to two orders
of magnitude from each other for each generation, whereas there is a huge gap from the charged
fermions down to the neutrinos. The four main proposals explaining the smallness of neutrino
masses are:
• The seesaw mechanisms [34–46]
• R-parity violating supersymmetry [47–53]
• TeV scale loop mechanisms [54–59]
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• Extra dimensions [60–63]
A possible neutrino mass generation is the seesaw mechanism, and its starting point is the
dimension five operator in Eq. (2.1.4). The seesaw mechanism of type I [34–38] introduces
sterile (right-handed) neutrinos, and it assumes they are Majorana particles. This means the










+ h.c. , (2.3.1)
with the additional assumption mD ≪ MR, decoupling the mass scales of the active (left-
handed) and sterile neutrinos. One must write all possible mass terms, and since it is assumed
the neutrinos are Majorana particles, both Dirac and Majorana mass terms appear. However,
the upper left matrix is zero since the Lagrangian has to be SU(2) invariant. Diagonalizing the
mass matrix in Eq. (2.3.1), gives the effective neutrino mass matrices of the active and sterile
neutrinos
mν = −mDM−1R m
T
D and MN = MR , (2.3.2)
respectively. Here, the smallness of the light neutrino masses are explained by the heaviness of
the sterile neutrino masses. Since the sterile neutrino is a singlet under the SM’s symmetries,
means an arbitrary number of sterile neutrinos can be added, and, additionally, the overall scale
of MR is, in general, unknown. However, the seesaw mechanism of type I was firstly discuss
in the context of Grand Unified Theories (GUT) [34–38], meaning the sterile neutrinos would
have masses of 1016 GeV. As a consequence, the neutrino Yukawa couplings are of order one,
satisfying the requirement of having a perturbative field theory. However, the sterile neutrino
masses are not bound to the GUT scale, and the allowed (but rather large) range in the seesaw
mechanism is in the interval [10−10, 1016] GeV [65]. It is bound due to having a perturbative field
theory and obeying the experimental limits on the neutrino masses. Due to the large mass range,
one can introduce an arbitrary number of sterile neutrinos with different masses in the seesaw
mechanism, and we consider different examples in the dissertation. There are other variants of
the seesaw mechanism with different types of mediator, namely the seesaw mechanism of type
II (type III) introduces scalar triplets (fermion triplets), whereas the inverse seesaw mechanism
introduces six fermion singlets (three singlets are usually associated as sterile neutrinos, whereas
the other three are new singlet states).
A different scenario for neutrino mass generation is R-parity violating supersymmetry (SUSY),
where the new quantum number (R-parity) is defined as R = (−1)3B+L+2S with L,B, and
S being lepton number, baryon number, and spin, respectively. Introducing supersymmetric
particles (sparticles) together with the SM particles, means R-parity violating interactions in
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k + λ′ijkL̂iQ̂jD̂ck + ϵiL̂iĤu

, (2.3.3)
where Q̂i, Û ci , D̂ci are the quark superfields, L̂i, Êci are lepton superfields, Ĥu is the Higgs su-
perfields, and λ, λ′, ϵi are R-parity violating Yukawa couplings. This potential leads to mixing
between neutrinos and neutralinos (a hypothetical sparticle), and it induces a low energy-scale
seesaw-like mechanism for the neutrino masses. Here, the neutrino masses are suppressed by the
Minimal Supersymmetric Standard Model (MSSM) neutralino mass matrix. The Large Hadron
Collider (LHC) searches for TeV scale neutralinos, thereby constraining or excluding parts of
the parameter space.
There are many non-SUSY loop models capable of generating neutrino masses, and they
extend the scalar sector with either double-charged, single-charged or neutral particles, meaning
the general Lagrangian can be written as [67]
−L = fijH++ℓiℓj + gijH+ℓiνj + hijH0νiνj + h.c. . (2.3.4)
Four specific examples are the left-right symmetric model, the Higgs triplet model, the Zee
model, and the Babu model, and all provide TeV-scale mechanisms of neutrino mass genera-
tion consistent with current data. New particle discovery (such as new scalar or gauge bosons
Z ′,W ′, H±±, H±, h0) at the LHC is also possible if they are within experimentally reach, and
the Yukawa couplings can induce lepton-flavor violating decays (µ → eee, µ → eγ), which can
probe these models further.
There are a number of neutrino mass models with extra dimensions, and they are (usually)
constructed within string theories. An useful relation between the string mass scale MS and the
four-dimensional Planck mass MP is M2P = 8VbM2s /g4, where g is the SM gauge coupling, and
Vb is the volume of the bulk. The model localizes the SM on the brane, whereas fermion singlets
can propagate in the bulk. As a result, the Dirac neutrino mass is given by mDiracν ≃ λv/
√
Vb ≃√
8λvMs/(g2MP ), where v is the Higgs VEV, and λ is the interaction strength among the sterile
neutrino, the Higgs and lepton doublet. Therefore, neutrino masses are naturally suppressed by
the bulk volume Vb, and current experimental data allows for a string scale at the TeV range,
making it experimentally accessible for the LHC to test this scenario. However, one can adjust
the theory parameters in this model to satisfy experimental data since the parameters are in
general unknown.
To recap, there is a mass gap between the neutrinos and the charged fermions of, at least,
six orders of magnitude, meaning a more complete theory of elementary particle physics must
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account for this. There are many different and phenomenological interesting scenarios, even
though we described the four main proposals only. Most of them introduces a heavy mediator,
which, when integrated out, leads to the suppression of the neutrino masses, and the type of
mediator (fermion or boson) depends on the specific model. Introducing extra spatial dimen-
sions, means the neutrino mass is suppressed by the bulk volume due to the singlets being able to
propagate off the brane into the extra dimensions. Nevertheless of the particular model, massive
neutrinos mean BSM physics, and a consequence of massive neutrinos is neutrino oscillations,




With the discussion about fermion mass generation, their experimental measured mass values,
and the smallness of the neutrino masses, one might study the consequence of introducing
massive fermions. Starting with the charged-current fermion production process, one finds that
the fields with definite flavor are not equal to the fields with definite mass. As a consequence,
it leads to fermion flavor transitions. Experimentally, one studies this phenomenon for both the
quarks and leptons, and as a result, two quite different mixing patterns emerge. There is no
final explanation for this, and it intrigues even more excitement among physicists. Therefore, it
is important to discuss the phenomenon in more in-depth details.
3.1 Charged current interactions of fermions
The fermion flavor eigenstates are produced in charged-current (CC) weak interaction processes,






jρWρ + h.c. , (3.1.1)
where g is the gauge coupling, Wρ is the W-boson field, and jρ is the fermion charged current
jρ = 2ψ′Lγ
ρφ′L (3.1.2)
with the left-handed fermion fields ψ′L and φ′L. However, the Yukawa matrices associated with
the fermion fields ψ′L and φ′L are, in general, nondiagonal, meaning the primed fields do not




ψ , Uφ†L Y
′φUφR = Y
φ , (3.1.3)





masses. This shows the fermion flavor eigenstates are not necessarily equal to the fermion mass
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eigenstates, and as a consequence, the fermion charged current becomes







By convention, one chooses a basis where one of the fermion fields has a diagonal Yukawa matrix,
whereas one projects U = Uψ†L U
φ
L on the other fermion field. This leads to the phenomenon
called fermion mixing, meaning the fermion changes its flavor from one generation to an other
due to the mixing matrix U . In the context of quark mixing, one can substitute ψL = qUL and
φL = qDL for the up-type and down-type quarks, respectively, and one chooses the basis with a
diagonal up-type Yukawa matrix. As a consequence, the down-type quarks changes its flavor in
hadron decays. In the context of lepton mixing, no mixing should occur since the neutrino is
predicted to be massless, meaning Eq. (3.1.3) is ill-defined. However, as we will discuss later in
detail, experimental evidence shows the neutrino is massive. Therefore for the further discussion,
one can replace ψL = ℓL and φL = νL for the charged and neutral leptons, respectively, and
one chooses a basis with a diagonal charged lepton Yukawa matrix, meaning neutrinos mix or
rather oscillate (flavor transitions varying with time/distance). One might think charged leptons
can mix, since it is a matter of convention seen from Eq. (3.1.4). However, it is not possible
since the charged lepton flavor is defined by the mass of the charged lepton; the only property
that distinguishes them because they have similar interactions with same coupling strength.
Therefore, one measures flavor through mass by applying kinematical cuts or investigating their
decay products, meaning charged leptons are defined as mass eigenstates, and cannot undergo
flavor mixing.
The flavor eigenstates are related to the mass eigenstates by the mixing matrix U , and it
is a product of two unitary matrices, which diagonalizes the Yukawa matrices. In the quark
(lepton) sector, it is given by UCKM = U †uUd (UPMNS = U
†
ℓUν), and it is dubbed the CKM






−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 , (3.1.5)
where cij = cos(θij) and sij = sin(θij). For Majorana neutrinos, it is given by UMajoranaPMNS =
UDiracPMNS ·diag(1, eiα, eiβ). The mixing matrix depends on three mixing angles θ12, θ23, and θ13,
which, by convention, are allowed in the interval θij ∈ [0, π/2]. Additionally, the mixing matrix
depends on a CP-violating phase, which tells whether there is a difference or not between
particles and antiparticles, and its allowed range is δ ∈ [0, 2π]. For Majorana neutrinos, the
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Figure 3.1: Oscillation probability for an initial electron neutrino to oscillate into an electron
(blue curve), muon (red curve) or tau (green curve) neutrino as a function of
baseline over energy.
additional phases (α and β) in UMajoranaPMNS appear as a consequence of less freedom since the
particle field have to be equal to the antiparticle field, i.e. ν = νc. However, the additional
phases are irrelevant for neutrino oscillations, but important for neutrinoless double beta decay.
Whether neutrinos are Dirac or Majorana particles, they undergo neutrino oscillations, and the
probability for a transition is studied next in the context of vacuum and matter oscillations.
3.2 Neutrino oscillations






where U is the mixing matrix, and one requires the neutrino states are forming an orthonormal
basis, i.e. ⟨να|νβ⟩ = δαβ. The massive neutrino states |νi⟩ are eigenstates of the Hamiltonian,
H|νi⟩ = Ei|νi⟩, and its time-dependence is govern by the Schrödinger equation, i ddt |νi(t)⟩ =
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With this at hand, the amplitude of να → νβ transitions are





whereas the probability is given by








For ultrarelativistic neutrinos, it follows Ei ≃ E + m2i /(2E) with E being the mean neutrino
energy, and in this case, Ei − Ej ≃ ∆m2ij/(2E) with ∆m2ij = m2i −m2j . Additionally, ultrarela-
tivistic neutrinos propagate almost at the speed of light, meaning it is possible to approximate
the time t with the baseline L, i.e. t = L. Therefore, we obtain the vacuum neutrino oscillation
probability

















where the plus (minus) sign is used for (anti)neutrino oscillations. The mixing matrix gives
the amplitude of the oscillation, whereas the mass square differences stands for the oscillatory
part of the probability. Massless neutrinos would lead to ∆m2 = 0, meaning no oscillations
would occur, and therefore, Eq. (3.2.5) shows directly that massive neutrinos lead to neutrino
oscillations in accordance with experimental evidence.
Neutrino oscillation experiments have provided compelling evidence for the existence of neu-
trino oscillations by studying neutrinos from various sources such as the Sun, the atmosphere,
reactors, and accelerators. From a global analysis of the neutrino oscillation data, one obtains
the mass square differences [68]
∆m221 = (7.50± 0.18) · 10−5 eV2 , |∆m232| = (2.52± 0.04) · 10−3 eV2 , (3.2.6)
however this does not tell us whether all neutrinos are massive or one remains massless. This
is direct proof of neutrinos being massive, meaning one must go beyond the SM to describe
neutrino oscillations. Additionally, the mixing angles are [68]
θν12 = 33.56◦ ± 0.76◦ , θν23 = 41.6◦ ± 1.3◦ , θν13 = 8.46◦ ± 0.15◦ , (3.2.7)
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which provides large off-diagonal mixing elements in the PMNS mixing matrix. A pictorial
example is displayed in Fig. 3.1, showing the probability of an electron neutrino to oscillate as
a function of the baseline over energy. Some of the parameters in the neutrino sector are still
unknown, namely the mass ordering (∆m232 > 0 for normal ordering (NO) or ∆m232 < 0 for
inverted ordering (IO)), the absolute mass scale, the octant of θ23 (whether θ23 < 45◦ (lower
octant) or θ23 > 45◦ (higher octant)) and the value of the CP-violating Dirac phase δlepton (and
α, β if neutrinos are Majorana particles). It is the task for future experiments to measure these
unknown observables, and we discuss a particular example later. Regardless, it is clear that
the lepton sector exhibit large and non-hierarchical mixings. Beside the neutrino oscillation
parameters, one can consider the unitarity of the PMNS matrix. One must measure the mixing
elements individually, thereby overconstraining the PMNS mixing matrix. As shown in Ref. [69],
there is a lot of potential for improvement, especially in the muon and tau sectors. There
are three independent measurements from the electron neutrino sector, namely short-baseline
reactor (long-baseline reactor) [solar] experiments are sensitive to |Ue3|2 (|Ue1|2) [|Ue2|2]. These
elements are measured to a high accuracy, meaning electron neutrino oscillations do not improve
the unitarity bounds further. In the muon and tau sectors, it is more difficult since short- and
medium-baseline accelerator experiments cannot measure the mixing elements independently
due to degeneracies in the oscillation probability, i.e. they measure the combination |Uµ1|2 +
|Uµ2|2 [69]. Nevertheless, measuring muon and tau neutrino oscillations can still improve the
level of unitarity by the amount of data collected, meaning the allowed range for the mixing
elements will shrink. Therefore, there is still a lot of room for new physics to enter in the
neutrino sector without being affected by the unitarity bounds of the PMNS matrix.
Coming from the discussion regarding the current experimental status of the neutrino sector,
one might investigate neutrino oscillations in a different environment. Neutrino oscillations
in matter differ from vacuum oscillations due to the charged current interaction between the
electron and electron neutrino in ordinary matter. In vacuum, the oscillation probability is
always small for small mixing angles, however matter effects can enhance neutrino mixings
since it can be close to unity even if the vacuum mixing angle is small. This manifestation of
matter effects on neutrino oscillations is the Mikheyev-Smirnov-Wolfenstein (MSW) effect [70–
72]. Matter effects are important when the matter potential Vα becomes comparable or larger
than ∆m2/2E, meaning neutrino oscillations are strongly affected. We consider a simple case
of two flavor mixing to easily visualize the main difference between oscillations in vacuum and
matter. In this case, the oscillation probability in matter can be written analogously to the one
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Figure 3.2: Effective mixing angle in matter as a function of matter density. Three cases are
displayed, namely the mixing angle θ12 (green curve), the mixing angle θ13 for
normal ordering (∆m232 > 0 - blue curve) and the mixing angle θ13 for inverted
ordering (∆m232 < 0 - red curve). The plot to the left (right) shows the behavior
of the mixing angles in the neutrino (antineutrino) sector.
in vacuum





, Pm(να → νβ) = 1− Pm(να → νβ), (3.2.8)
where E is the energy, L is the baseline, and θm (∆m2m) is the mixing angle (mass squared
difference) in matter. The matter oscillation parameters are related to the vacuum oscillation





+ sin2(2θ) , (3.2.9)
where A = 2
√
2GFNeE, GF is the Fermi coupling, and Ne is the electron number matter density.
The plus (minus) sign in Eq. (3.2.9) is valid for (anti)neutrinos since they do not experience the
same matter potential. Note already that it allows the possibility of maximal mixing in matter
sin(2θm) ≃ 1, even for small sin(2θ).
One can determine the sign of the mass square differences using matter effects by investigating
the resonance effect occurring in the neutrino or antineutrino sector. If one chooses the conven-
tion cos(2θ) > 0, there is a resonance for neutrinos if ∆m2 ≡ ∆m2ij > 0, whereas the resonance
occurs for antineutrinos when ∆m2 < 0. Therefore, for a given sign of ∆m2, either neutrinos
or antineutrinos (but not both) can experience the resonantly enhanced oscillations in matter,
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Figure 3.3: Combined fit of experimental constraints in the ρ̄− η̄ parameter space. The best-
fit is (ρ̄, η̄) ≃ (0.1, 0.3), leading to the solid triangle. This determines the level of
unitarity of the CKM matrix, thereby constraining the three phases α, β, and γ.
Figure taken from Ref. [73].
meaning one can determine the heavier mass eigenstate. In Fig. 3.2, the behavior of different
mixing angles in matter as a function of the matter potential are shown with the left (right) plot
being for (anti)neutrinos. We know the solar mass square difference is positive, i.e. ∆m221 > 0,
therefore a resonance occurs for θ12 in the neutrino sector. We do not know the sign of |∆m32|2,
which means two possibilities for θ13,m are possible. Evidently, there is a resonance for θ13 in the
neutrino sector when the mass ordering is normal, whereas it occurs in the antineutrino sector
for inverted mass ordering. Therefore, it is possible for future experiments such as DUNE and
Hyper-Kamiokande to determine the sign of |∆m32|2 using matter effects.
After considering neutrino oscillations and the experimental evidence in this sector, it is
interesting to investigate whether quarks exhibit the same mixing pattern as neutrinos or they
behave differently. Therefore, we turn to quark mixing, and discuss its current experimental
status.
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3.3 Quark mixing
Quarks interact via the strong interaction in addition to the electroweak force, and as a conse-
quence, they are confined within the nucleus due to asymptotic freedom[74, 75]. Due to their
confinement, it is called quark mixing, not quark oscillations, since no oscillations are experi-
mental observed. Therefore, one cannot write a quark oscillation probability in similar fashion
as in the neutrino case. However, the quarks mix with each other, meaning flavor transitions
occurs in hadron decays, and it plays an important role in flavor physics.
One can perform many different measurements of the CKM mixing elements, depending on
method used and decay channel[20]. Considering the mixing element |Uud|, one can measure
it by studying 0+ → 0+ nuclear beta decays, from the neutron lifetime or via the decay π →
π0eνe, obtaining a combined value |Uud| = 0.97425 ± 0.00022. The mixing element |Uus| is
measured in semileptonic/leptonic kaon decays or hadronic tau lepton decays, meaning a value
|Uus| = 0.2253 ± 0.0008 is obtained. The mixing element |Uub| is determined from the process
B → Xuℓνℓ, where Xu is a hadron containing a up quark. However, it is difficult to extract th
mixing element |Uub| from this process due to the large background coming from the process
B → Xcℓνℓ, which is sensitive to |Ucb|. Therefore, one applies kinematical cuts to reduce
background and use other processes such as B → πℓνℓ and B → τντ to determine |Uub|, thereby
obtaining a combined value |Uub| = (4.13± 0.49) · 10−3. The magnitude of Ucd comes from the
production of charm mesons in (anti)neutrino interactions or from semileptonic charm meson
decays, leading to the determination |Ucd| = 0.225± 0.008. Information about the element |Ucs|
comes from semileptonic D or leptonic Ds decays, resulting in the value |Ucs| = 0.986 ± 0.016.
Semileptonic B decays with a charmed meson in the final state are sensitive to |Ucb|, and
one extracts the result |Ucb| = (41.1 ± 1.3) · 10−3. The mixing elements |Utd| and |Uts| are
determined by measuring the oscillation frequency of B0 and B0s mesons, resulting in the values
|Utd| = (8.4±0.6) · 10−3 and |Uts| = (40.0±2.7) · 10−3. Lastly, the element |Utb| is determined by
top decays, and result implies |Utb| = 1.021± 0.032. Given the measurements of the magnitude
of the mixing matrix elements, one needs to determine three phases coming from the unitarity








βi = δαβ. The three
phases are given by





























and they lead to CP violation in hadron decays. All of the phases can be extracted by measuring
the CP violation in B decays, and the world average result is α = 85.4◦ ± 4.0◦, sin 2β =
0.682± 0.019, and γ = 68.0◦ ± 8.0◦.
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Making a combined global fit to all flavor physics data, one obtains Fig. 3.3. It represents
the allowed parts in the η̄− ρ̄ parameter space (colored regions), where η̄, ρ̄ are parameters used
in the Wolfenstein parameterization of the CKM mixing matrix. Determining the overlapping
region, one finds the best-fit point of ρ̄ and η̄, namely (ρ̄, η̄) ≃ (0.1, 0.3). This makes one able to
determine the phases α, β, and γ by the triangle seen in Fig. 3.3. Beside this, one can determine
the four mixing parameters in the CKM matrix, and they are given by [20]
θq12 = 13.04◦±0.05◦ , θ
q
23 = 2.38◦±0.06◦ , θ
q
13 = 0.201◦±0.011◦ , δq = 1.20±0.08 rad . (3.3.2)
Inserting this into the CKM matrix, shows it is very hierarchical, nearly exhibit an identity
matrix to leading order. The off-diagonal elements in the CKM matrix is suppressed by one to
two orders of magnitude. Additionally, due to the precise and independent measurements of the
CKM mixing elements, one can determine the unitarity of the CKM matrix to a high accuracy.
An example is |Uud|2 + |Uus|2 + |Uub|2 = 0.99999± 0.0006, and as a consequence, it leaves very
little room for new physics to affect the CKM mixing matrix. This can be compared to our
previous discussion about the level of unitarity in the neutrino sector.
Comparing the quark and neutrino sectors, one finds that they behave completely different.
In Fig. 3.4, the CKM and PMNS mixing matrices are shown, and while the CKM mixing
matrix nearly approximate an identity matrix, then the PMNS mixing matrix has large off-
diagonal mixing elements. Additionally, there is a very hierarchical mass spectrum for the
charged fermions, whereas the neutrinos shows a mild mass hierarchy. One sees a complete
different pattern in the two sectors, and many attempts have been made in order to explain this
from first principles. This is studied in the next chapter.
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Figure 3.4: Schematic showing the relative magnitudes of mixing elements in the quark (CKM)
and neutrino (PMNS) sectors. It is clear that the CKM matrix is largely hierar-
chical, whereas the PMNS matrix has large off-diagonal elements.
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Modeling of fermion mass and mixing
Considering the measured mixing parameters introduced in the previous chapter, one might
wonder whether there is a deeper explanation for the experimental values and their origin. There
are many ways to explain the observed mixing parameters, however we are going to discuss the
two main proposals here in this chapter. The first possibility relies on symmetries, generating
structured mass matrices. Symmetries appear to play an important role in understanding the
physics of flavor, and they are described by group theory.
A complete counter example to flavor symmetries is the anarchy hypothesis, which relies on
structureless mass matrices. While highly structured mass matrices suggests flavor symmetries
as their origin, then the anarchy hypothesis origin might be a very complicated, yet unknown
theory or, simply, there is no further explanation. It is a valid option for explaining the measured
fermion mixing parameters, and we will explore its application to modeling fermion mass and
mixing. Firstly, we introduce the terminology and concepts of finite group theory.
4.1 Group theory terminology
A group G is a set of elements {gi}. They satisfy the following properties [76]:
1. Closure under multiplication: if g1, g2 ∈ G, so g1 · g2 ∈ G.
2. Associativity: for any three elements g1, g2, g3 ∈ G, then g1 · (g2 · g3) = (g1 · g2) · g3.
3. Identity: there exists an element e ∈ G such that e · g = g for every g ∈ G.
4. Inverse: for every g ∈ G there exists an inverse, g−1 ∈ G, such that g · g−1 = e.
Given these axioms, there exists some exponent n for each element g such that gn = e. The
smallest exponent is called the order of the element g. This is not to be confused with the order
of a group G which simply means the number of elements in G. The most basic way of defining
a group is given in terms of the multiplication table, where the result of each product of two
elements is listed. In the case of the smallest ordered non-Abelian finite group, the permutation
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group S3, we have six elements. They are classified into the identity element e, elements bi whose
square is e, and finally the elements ai whose cube is e. Clearly, the definition of a finite group
in terms of its multiplication table becomes cumbersome very quickly with increasing order of
G. Therefore, it is necessary to find a more compact way of defining G. Noticing that all six
elements of S3 can be obtained by multiplying only a subset of its elements, we arrive at the
notion of generators. Denoting a1 = a and b1 = b, we obtain a2 = a2 as well as b2 = ab and
b3 = ba. In other words, a and b generates the group S3. Being the group of permutations on
an equilateral triangle, a corresponds to a 120◦ rotation and b to a reflection. This observation
leads to the definition of S3 by [76]
⟨a, b|a3 = b2 = e, ba−1b = a−1⟩ , (4.1.1)
where the generators have to respect the rules listed on the right. Depending on these rules, a
group can be defined uniquely in a compact way. The group G can have various properties such as
being continuous or discrete, Abelian or non-Abelian, etc. with different advantages/difficulties.
A discrete flavor symmetry comes with a finite number of generators, and, in addition, no
Goldstone bosons or gauge bosons arise contrary to continuous symmetries [76]. However, the
origin of the discrete symmetry is assumed to be a continuous gauge symmetry, in order to avoid
breaking by gravitational quantum corrections [76]. Non-Abelian symmetries have more freedom
for the charge assignment due to containing several two or three dimensional representation of
generators, and, consequently, can predict or fit experimental data better. Abelian symmetries
have generally the merit that they need only a very simple scalar sector to achieve the necessary
flavor symmetry breaking, however it lacks the prediction power of non-Abelian symmetries
since the generators commutes (defining property of Abelian symmetries). For further in-depth
description about group theory and its consequences, see Ref. [76].
4.2 Paradigm of SM symmetries
The mathematical formulation of the SM is based on the symmetry GSM = SU(3)C ×SU(2)L×
U(1)Y . This symmetry constrains the possible terms in the SM Lagrangian, which describe
interactions among particles and their properties (do they have mass, electric charge, etc.).
For example, quarks carry the charge color, whereas the other fermions are singlets under this
charge, i.e. they do not interact via the strong force. Therefore, quarks can only interact
with other fermions via the electromagnetic or weak force, whereas they can interact with other
quarks/gluons via the strong force since they themself carry the color charge. An other example,
the gluons, Z-bosons and W-bosons can self-interact, however this is prohibited for the photon.
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This interaction is possible due to the non-commuting generators of the non-Abelian symmetries
SU(3) and SU(2), which leads to trilinear couplings for the gluons, Z-bosons and W-bosons.
Since U(1) is an Abelian symmetry, it prevents the photon to self-interact. These examples are
a direct consequence of the SM symmetry.
However, the SM symmetries are not sufficient to explain the observed fermion mass and
mixing values. Therefore, one introduces new flavor symmetries to explain them from first
principles. The addition of a parent flavor symmetry, GF , extends the SM symmetries to
G = SU(3)C × SU(2)L × U(1)Y × GF , (4.2.1)
requiring that the Lagrangian remains invariant under the transformations of this symmetry.
It is usually assumed that the parent symmetry is broken at high energies to subgroups in the
quark GQ and lepton GL sectors. Thereafter, they are subsequently broken to subgroups in the








The particle fields can transform either differently under GF or in the same way. The parent
symmetry GF can be Abelian or non-Abelian (we consider both cases in the following chapters),
and the residual symmetries (Gν ,Ge,Gu and Gd) present in the SM Lagrangian must be Abelian
and of order N ≥ number of mass generations (requirement of family generations having distinct
masses and non-trivial mixing). Considering an example in the lepton sector, the transformation
rules acts on the left-handed lepton doublets ℓL, right-handed charged lepton singlets eR and
neutrinos ν according to
ℓL → XLℓL , eR → XReR , ν → Xνν. (4.2.3)
The unitary matrices XL, XR and Xν belong to a representation of the symmetry group GF ,
thus constraining the form of the charged lepton and neutrino mass matrices by
Mℓ = X†LMℓXR , Mν = X
†
νMνXν , (4.2.4)
respectively. This can occur solely for the quarks/leptons or jointly if they are all charged under
the same symmetry group. Model builders look for an underlying symmetry that can explain
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the pattern of fermion masses and mixings. Hereafter, we investigate some examples to illustrate
the power of using flavor symmetries to predict the observed fermion masses and mixings.
4.3 Examples of predicting fermion masses and mixings using flavor
symmetries
These examples show the logic behind using flavor symmetries to explain the observed fermion
masses and mixings. We start with a simple example in the neutrino sector which uses a
symmetry between the muon and tau flavor. Thereafter, we investigate a general method to
generate a hierarchical mass spectrum which can be applied to both the quark and lepton sectors.
4.3.1 A µ − τ symmetric mass model
A well-studied example of explaining neutrino masses and mixings is the µ− τ symmetry [77].
The neutrino mass matrix has to be invariant under this symmetry. In the basis where the














so that T †MνT = Mν . This generator satisfy the four properties described in numeration 1-4.
Diagonalizing the mass matrix gives the mixing matrix
U =













which predicts maximal atmospheric mixing, i.e. θ23 = 45◦, and vanishing reactor angle, i.e.
θ13 = 0. Considering real entries in the neutrino mass matrix, there are four degrees of freedom
present in Eq. (4.3.1) corresponding to three mass eigenvalues and the solar mixing angle θ12.
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These parameters are predicted in terms of the matrix elements by
sin2 2θ12 =
8y2





x+ z + w −








x+ z + w +

(x− z − w)2 + 8y2

,
m3 = z − w .



















This is a very simple and predictive mixing matrix, and the framework of flavor symmetry tries
to give a simple parameterization of the mixing matrix. Considering complex matrix entries,
one has more degrees of freedom than observables, meaning one cannot fix all of the theory
parameters. However, complex entries lead to CP violation compared real matrix entries (CP
conservation). To recap, we promote the µ − τ symmetry to a physical symmetry, thereby
deriving the most generic mixing matrix Eq. (4.3.3), as well as the most generic µ− τ invariant
mass matrix Eq. (4.3.1). It is the first hint that understanding flavor mixing in the neutrino
sector may be related to the imposition to a global discrete symmetry, as T is the generator of
a cyclic symmetry Z2. The µ− τ permutation symmetry is not experimental viable due to the
observation of non-zero θ13, however a small breaking of this symmetry means the mass matrix
can be written as [77]
M✘
✘µ−τ
ν = Mµ−τν +Mbreakingν =

x y(1 + ϵ1) y(1− ϵ1)
y(1 + ϵ1) z(1 + ϵ2) w
y(1− ϵ1) w z(1− ϵ2)
 , (4.3.5)
where ϵ1, ϵ2 are small parameters. Using this mass matrix, one may argue that the neutrino mass
matrix possesses an approximate µ−τ permutation symmetry. By scanning over different theory
parameters, experimental viable mixing parameters can be obtained. Therefore, this symmetry
can still be used to leading order for model builders. This example shows the generation of
the neutrino mixing parameters only since the approximate µ − τ permutation symmetry is
only viable in the neutrino sector. However, the next example can explain the observed mass
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hierarchies in the fermion sector.
4.3.2 The Froggatt-Nielsen framework
A hierarchical mass spectrum can be explained by the Froggatt-Nielsen (FN) mechanism [78],
which relies on continuous U(1) flavor symmetries. However, in common practice, one introduces
discrete cyclic groups Zn to keep a finite number of generators. This is valid since Zn ∈ U(1),
and one assumes the Zn symmetry originates from a continuous U(1) symmetry. In turn, this
introduces a scalar flavon field fk for each symmetry (defining property of introducing Abelian
symmetries). They are only charged under its associated symmetry, but a singlet under all other
symmetries. They acquire a non-zero universal vacuum expectation value (VEV) ⟨fnk⟩ ≃ vf
that spontaneously breaks the symmetry to generate the Yukawa/mass terms. At the same
time, one introduces superheavy fermions with universal mass MF , meaning the SM fermions
can couple to them. Integrating out the superheavy fermions and the flavon fields, leads to an





between the left-handed fermion ψL, the right-handed fermion ψR, and the Higgs H. Here,
the exponent n depends on the charge assignments of the particle field. It is usually assumed
that vf/MF ≤ 1, such that the requirement of a perturbative field theory is satisfied. The
factor (vf/MF )n acts as the Yukawa coupling of the mass term, and it explains the observed
hierarchical mass spectrum. Thereafter, the Higgs boson obtains a VEV v, meaning the fermion
ψ acquires a mass mψ = v · (vf/MF )n. Originally, the FN mechanism was inspired by the
seesaw mechanism [79], where, as explained previously, one introduces heavy degrees of freedom.
Integrating them out, leads to an effective neutrino mass matrix, and it is capable of explaining
the observed mass spectrum. A pictorial example of the FN mechanism is shown in Fig. 4.1,
where the intermediate steps with the flavons fk and heavy fermions F leads to the suppression
of the Yukawa coupling. Contracting the intermediate steps leads to the effective mass term in
Eq. (4.3.6).
The mass ratios of the charged fermions can be described to leading order by [80]
mu : mc : mt ∼ ϵ6 : ϵ4 : 1, md : ms : mb ∼ ϵ4 : ϵ2 : 1 , me : mµ : mτ ∼ ϵ4 : ϵ2 : 1 , (4.3.7)
where ϵ ≃ 0.2 may be a remnant of a Grand Unified Theory (GUT) model. Additionally, one
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Figure 4.1: Generation of fermion mass term via the Froggatt-Nielsen mechanism, where the
Yukawa coupling originates from integrating out the superheavy fermions with
mass MF (represented by the internal solid lines) and the flavons fk, which are
responsible for breaking the flavor symmetry with their universal VEV vf . This
leads to an effective mass term among the Higgs boson H and the SM fermion ψ,
similar to Eq. (4.3.6), as displayed on the right side of the arrow.
can also describe the neutrino mass ratio by this approximation [80] via
m1 : m2 : m3 ∼ ϵ2 : ϵ : 1, m1 : m2 : m3 ∼ 1 : 1 : ϵ , m1 : m2 : m3 ∼ 1 : 1 : 1 , (4.3.8)
for normal, inverted and degenerate mass ordering, respectively. Using the FN mechanism, one
can derived these mass ratios by assuming vf/MF ≃ ϵ ≃ 0.2, and it is one of its strengths. In
the FN mechanism, an order one complex number is allowed in each matrix element, leading
to arbitrary mixings. Therefore, the FN mechanism is usually accompanied by a non-Abelian
flavor symmetry, which fixes the mixing parameters. Rather than relying on flavor symmetries,
a different approach uses structureless mass matrices to explain the fermion masses and mixing
parameters.
4.4 The anarchy hypothesis
A perfect counter example to flavor symmetries is the anarchy hypothesis [6, 7], which relies
on structureless mass matrices, and it gives an alternative explanation for the fermion mixing
observables. The anarchy hypothesis generates the mass matrices in a basis-independent manner
(ensuring structureless mass matrices in any basis), and this is done via the Haar measure [7]
dUPMNS ∝ ds212dc413ds223dδdα1dα2 , (4.4.1)
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where sij = sin θij and cij = cos θij . This ensures the mixing parameters have a flat distribution,
meaning θ12 has a flat distribution in sin2 θ12, θ13 has a flat distribution in cos4 θ13, etc.. How-
ever, the Haar measure does not dictate the choice of mass eigenvalues (it involves the mixing
parameters only), meaning an arbitrary mass eigenvalue distribution is possible. If the matrix
elements have to be distributed independently from each other, there is only one choice: the
Gaussian measure [81]. This means, in practice, one chooses the entries of the fermion mass
matrix from a Gaussian distribution, and, as a consequence, the mixing parameters will have a
flat distribution according to Eq. (4.4.1). Therefore, a particular random set of matrix entries
will explain the observed mixing parameters by chance.
The above mention example of the anarchy hypothesis uses a simple linear method of picking
the matrix entries from a Gaussian distribution X, i.e. M ∼ X. However, a different method
is possible, where the fermion mass matrix is given by random matrix squared, i.e. M ∼ X†X.









respectively. Here, F and G are N × 3 complex random matrices of order unity, and mD and
M0 represents the typical mass scales. The Majorana mass matrix has two terms since it has to
obey MR = MTR . In general, N can be arbitrary and does not have to be equal to 3. However
in the neutrino sector, one can place an upper bound on N ≤ 35 [82] in order to explain the
observed neutrino mass square differences. Using the Wishart method, the mixing matrix is
still distributed according to the Haar measure Eq. (4.4.1), and the advantage of this method,
it leads to degenerate mass spectrum for high N .
Given the different examples mention above, we consider a short, but descriptive resume of
the scientific content concerning the origin of fermion masses and mixing parameters next.
4.5 Previous work in quark and lepton sectors
There is a bulk of theoretical studies explaining the mixing parameters and masses in the lepton
and/or quark sectors using different flavor symmetries. Recently, a lot of effort was focused on
the lepton sector due to a non-zero reactor angle θ13, meaning simple models based on, e.g., the
flavor symmetry A4 [83–88] must be abandoned or substantially modified [89–102]. Pursuing
new territories, it was anticipated that new models would easily explain the observation of a non-
zero θ13. However, all model-independent scans of the lepton sector indicates that only groups
with order O(100) or larger can quantize the full PMNS matrix within 3σ [1, 103–109]. This
applies for both Majorana and Dirac-type neutrinos, and independently of whether the parent
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symmetry GF is a subgroup of SU(3) or U(3). However, it only applies to direct models which
predicts all mixing angles. Similar studies confirmed this, whether it came from general group
theoretical arguments [110] or from a bottom-up approach [111]. The need for a high ordered
symmetry to quantize the full PMNS mixing matrix within 3σ, means more and more theory
parameters (elements of the symmetry group) are introduced. Therefore, it is more interesting to
turn towards the anarchy hypothesis since it can explain the observed mixing parameters in the
neutrino sector quite well. The probability of a more unusual neutrino mixing parameter choice
is 42% [112], with a lower (upper) bound of 40% (44%) for the 3σ range. This means the anarchy
hypothesis is consistent with explaining the origin of the neutrino oscillation parameters.
In the quark sector, studies are performed in light of the leptons, i.e. searching for flavor
symmetries which have the same origin (e.g. subgroups of ∆(6N2)) [113–116], but given the
hierarchical structure of the CKM matrix, no finite group can predict all mixing parameters of
the CKM to any accuracy. Small ordered Dihedral groups such as D14 and other variants can
predict the Cabibbo angle to leading order [117, 118], however a larger order is needed if the
Cabibbo angle has to be within 3σ. Therefore, considering small ordered groups to explain the
observed fermion mixings, their predictions have to be modified, perhaps via Renormalization
Group running [119–121] or additional symmetry breaking effects as have been studied in the
lepton sector [122–124]. We will adopt this philosophy in Chapter 6. As a sidenote, the anarchy
hypothesis has also been applied to the quark sector, however the compatibility probability is
smaller than 6× 10−6 [125]. This implies that the CKM matrix is safely discarded as a random
unitary matrix, and a deeper explanation is needed to describe the entries in the CKM matrix.
Lastly, we consider a specific model for neutrino mass generation. This model does not give
a deeper explanation for the mixing parameters, but it incorporates additional observed phe-
nomena seen in Nature. Neutrino masses and mixings, dark matter and the baryon asymmetry
is described in an unified framework by introducing three sterile neutrinos to the SM, and this
model is dubbed the Neutrino Minimal SM (νMSM) [127, 128]. Since the sterile neutrinos are
singlets under the SM symmetries, one can add an arbitrary number and at any mass scale;
the specific details of the νMSM are described further down in the text. With only minimal
modifications, it tries to explain all experimental data, and this is without changing the gauge
group, the number of fermions remains the same (disregarding the introduction of the sterile
neutrinos here), and no new energy scale above the Fermi scale is introduced. The dark matter
candidate is a keV sterile neutrino, and as a fermionic DM candidate, the mass is constrained by
the Tremaine-Gunn bound [129] on the phase space density in the Milky way’s dwarf spheroidal
galaxies, yielding a lower bound of 1 keV < M1. Its active-sterile mixing is quite small due to
the stringent X-ray limits, and as a consequence, the lightest of the active neutrinos is massless
(mmin < 10−5 eV). The generation of neutrino mass occurs due to two degenerate GeV sterile
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Figure 4.2: Allowed parameter space in the νMSM for the different scenarios (I and II), while
the dark shaded regions (grey or green) are excluded by experimental limits. (Left)
Active-sterile mixing of the DM sterile neutrino as a function of its mass. (Right)
Active-sterile mixing of the GeV sterile neutrinos as a function of its mass. Figure
taken from Ref. [126].
neutrinos via the seesaw mechanism Eq. (2.3.2), thereby explaining the small neutrino masses.
The active-sterile mixing is a possible observable in future experiments, and it is given by [64]
|UαI |2 = |(U †ℓ θUN )αI |
2 , |UI |2 =

α
|UαI |2 , (4.5.1)
where |UαI |2 is the flavored active-sterile mixing, whereas |UI |2 represents the total mixing.
These mixings enters decay rates [126, 130]



























where the Fermi constant is GF , the sterile neutrino (charged lepton) mass is MI (Mℓ), and
the charged hadron X has a mass MX . As a sidenote, the CKM matrix element |VX | enters,
and to mention some examples, the CKM mixing element is |VX |2 = |Vud|2 ≡ 0.949 (|VX |2 =
|Vus|2 ≡ 0.051) for a pion (kaon) in the final state [20]. Additionally, the two GeV sterile
neutrinos generate the baryon asymmetry [131–133], i.e. ηB = (6.10 ± 0.04) · 10−10, through
CP-violating oscillations. They generate a lepton asymmetry, which gets converted to a baryon
asymmetry by the SM sphaleron processes. As a consequence, they have to be very degenerate
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in mass, roughly δM/M < 10−3 or smaller [126]. Due to the various constraints for realizing
the νMSM, the parameter space for two benchmark scenarios are obtained. The total active-
sterile mixing parameter space of the dark matter sterile neutrino (two GeV sterile neutrino) is
shown on the left (right) side of Fig. 4.2 as a function of mass. The main difference between
the two benchmark scenarios lies in the dark matter production. In scenario I, one assumes the
dark matter is produced via active-sterile mixing only. The effective active-sterile mixing in the
primordial plasma is given by [134]
sin2 2θplasma ≃
sin2 2θvac
sin2 2θvac + (cos 2θvac + (T 4 − µ(T ))/M2)2
, (4.5.3)
where T is the temperature, M is the dark matter mass, θvac is the active-sterile mixing angle
in vacuum, and µ is the lepton asymmetry. Introducing a lepton asymmetry in the primordial
plasma, means a resonant MSW-like production mechanism is possible. As the temperature
decreases in the expanding Universe, one obtains a resonant production due to cancellations
between the terms in the effective active-sterile mixing angle. The largest lepton asymmetry
found in the literature is 1.24 · 10−4 [126], giving the lower bound for scenario I in the dark
matter parameter space. However, as a consequence of the resonant dark matter production,
one reduces the parameter space of the two GeV sterile neutrinos. Scenario II has the same
particle content as scenario I, but the dark matter production mechanism remains unknown,
meaning one cannot ensure the correct dark matter abundance in this scenario. As a result, the
allowed parameter space of the two GeV sterile neutrinos enlarges since there is more freedom.
Therefore, scenario II is an interesting benchmark scenario since it shows the complete allowed
parameter space of the two GeV sterile neutrinos in general, whereas in scenario I, the parameter
space is limited due to producing the correct abundance of dark matter. The actual dark matter
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In the previous chapter, we discussed the νMSM, which is capable of explaining neutrino mass,
dark matter, and the baryon asymmetry in an unified framework. This is done by introducing
three sterile neutrinos, one keV dark matter candidate together with two degenerate GeV sterile
neutrinos. Under certain conditions, it is possible to fully constrain the model parameter space.
Therefore, this model has gotten a lot of interest, both theoretically and experimentally, and we
will use this model as a basis when investigating flavor symmetry’s impact on the active-sterile
mixings. We will use a νMSM-like logic to explain the origin of the physical observables by
introducing three GeV sterile neutrinos in our method, thereby relaxing the mass degeneracy
needed to produce successful leptogenesis [135].
5.1 Experimental observables and future experiments
By introducing three GeV sterile neutrinos, there are many ways to experimentally constrain or
exclude their parameter space. We focus on the active-sterile mixings Eq. (4.5.1). In general, due
to their unknown masses, the sterile neutrinos can decay into heavier particles such as charmed
mesons, B-mesons, gauge bosons, and Higgs bosons [136]. Peak searches are an effective method
to study lighter sterile neutrinos, and it is usually done by beam-dump experiments, probing
the mass range 0.1 − 2 GeV [137]. B-factories can probe slightly heavier masses of 2 − 5 GeV,
whereas hadron or lepton colliders are sensitive to the mass range of 5 GeV−3 TeV. There are
various methods to probe sterile neutrinos, either relying on displaced vertices or studying lepton
flavor-violating (LFV) processes such as pp→W ∗ → N(→ ℓ±jj)ℓ± with ℓ = {e, µ} [136–138]. A
variety of current experiments are searching for sterile neutrinos in the MeV-TeV energy range,
e.g. BABAR[139], Belle[139], LHCb[140], ATLAS[141], and CMS[142]. Additionally, future
experiments are proposed such as SHiP[143, 144], DUNE[145, 146], ILC[147], and FCC[148],
which can also search for sterile neutrinos. We consider Search for Hidden Particles (SHiP),
Future Circular Collider (FCC), and Deep Underground Neutrino Experiment (DUNE, formerly
LBNE) experiments in our study, which are sensitive to the active-sterile mixing in the GeV
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range. These are representative cases for the different proposed experiments which might be
built in the future, and we introduce them one by one, discussing their experimental observables.
A proposed beam-dump experiment is SHiP, and it will be built at CERN if the experiment
is approved for funding. It searches for hidden particles such as supersymmetric particles, dark
photons, and sterile neutrinos. The SHiP Collaboration has published the processes they will
investigate in Table 5.3 in Ref. [143], and we can deduce their observables from these final
state decays: one measure the flavored active-sterile mixings by tagging the associated charged
lepton in the processes. Take the process NI → µπ as an example. It is sensitive to |UµI |2
due to the flavor of the final state charged lepton. It implies that the sterile neutrino must
have mixed with a muon neutrino, which subsequently lead to the considered decay. Using a
similar argumentation, the process NI → eπ is sensitive to |UeI |2. Additionally, they are also
sensitive to the total mixing |UI |2 by investigating decays such as NI → ην → π+π−π0 + pmiss.
Here, the light neutrino appears as missing energy, meaning one has to sum over all possible
flavors. Therefore, the SHiP experiment measures, in principle, the flavored mixings |UeI |2 and
|UµI |2, and the total mixing |UI |2. The sensitivity bounds of the SHiP experiment are given in
Refs. [143, 144], however we are not aware of any sensitivity study for the total mixing without
assuming a ratio among the individual mixing elements. Therefore, no direct bounds for the
total mixing are displayed. As a sidenote, one could obtain a bound for the total mixing from
the bounds of the flavored mixings if |UτI |2 was measured.
Next generation of long-baseline neutrino experiments are under consideration for fund-
ing/constructing at this time, and DUNE is a possible candidate. With a baseline of 1300 km, it
is ideal to measure the neutrino mass ordering and the lepton CP-violating phase δ due to mat-
ter effects. Additionally, it is also sensitive to the active-sterile mixings of GeV sterile neutrinos.
No channel modes are reported by the DUNE Collaboration yet, however they are sensitive to a
similar mass range as the SHiP experiment. This experiment has a lower initial proton energy
compared to SHiP1, meaning no significant mixing with the tau flavor is expected. Therefore,
we expect similar final states as studied by SHiP, meaning we assume DUNE is sensitive to
|UeI |2, |UµI |2, and |UI |2 for which we do not show any direct sensitivity curve.
A possible successor of the LHC experiments is the FCC experiment, which will have an
accelerator circumference of 80–100 km. In the initial physics program, they consider colliding
leptons with a center-of-mass (CM) energy of 90–350 GeV [148]. Thereafter, colliding hadrons
with CM energies up to 100 TeV is considered. The main goal of this experiment is to measure
the Higgs boson’s couplings at the percent level, but it is also sensitive to GeV sterile neutrinos.
1The initial proton beam energy of the DUNE experiment is expected to be 80-120 GeV. This can be compared
to 400 GeV at the SHiP experiment [145, 146].
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Specifically, one can measure the Z-boson partial decay width
ΓZ→νNI = 3Γ
SM
Z→νν |UI |2(1− (MI/MZ)2)2(1 + (MI/MZ)2) , (5.1.1)
where ΓSMZ→νν is the Z-boson decay rate into two light neutrinos, and MI is the mass of the sterile
neutrino. They use a displaced vertex method to tag possible interesting events. Evidently from
Eq. (5.1.1), FCC is only sensitive to the total mixing |UI |2 at the Z-pole2. Two other interesting
processes are e−e+ → N(→ ℓ∓W±)νℓ → ℓ+ 2j +  Emissing and e−e+ → N(→ ℓ′∓W±)ℓ∓W± →
2ℓ + 4j, which leads to different final states, meaning one can distinguish between them. The
first has one lepton, two jets, and missing energy as final states, and the other process leads to
two leptons and four jets. One reduces the background by applying kinematical cuts, and, for
the latter process, selecting two outgoing leptons with same electric charge [136].
The sensitivity bounds are studied under different assumptions, meaning it is difficult to
make a direct comparison. SHiP and DUNE assume a specific ratio among the flavor-dependent
mixings, meaning they are capable of translating a bound on the flavored mixing element into
a bound on the total mixing. No such assumption is used by the FCC Collaboration since they
can directly measure the total mixing.
The SHiP Collaboration consider five different scenarios, where they assume a specific ratio
among the flavored active-sterile mixings [143]:
Case 1: |UeI |2 : |UµI |2 : |UτI |2 ∼ 52 : 1 : 1 for IO,
Case 2: |UeI |2 : |UµI |2 : |UτI |2 ∼ 1 : 16 : 3.8 for NO,
Case 3: |UeI |2 : |UµI |2 : |UτI |2 ∼ 0.061 : 1 : 4.3 for NO, (5.1.2)
Case 4: |UeI |2 : |UµI |2 : |UτI |2 ∼ 48 : 1 : 1 for IO,
Case 5: |UeI |2 : |UµI |2 : |UτI |2 ∼ 1 : 11 : 11 for NO,
where NO (IO) means normal (inverted) ordering of the light neutrinos. Using the ratios, they
can obtain their sensitivity to the total active-sterile mixing for the different scenarios. The
sterile neutrino mixes predominantly with one flavor for the first three cases (electron, muon
or tau flavor) [130], whereas the latter two cases are interesting in the context of the baryon
asymmetry [150]. The SHiP Collaboration consider case 2 as their benchmark scenario, and
they calculate the total active-sterile mixing sensitivity for case 2 only. Using the ratios given
above, one obtains the sensitivities for the other cases by extrapolating the sensitivity from
2FCC and other proposed lepton colliders (ILC and CepC) can also measure the mixing element |UeI |2 if the
CM energy is increased to 200 − 500 GeV since the W-exchange of the process ee → eνe (t-channel) dominates
over the Z-exchange ee → ℓνℓ (s-channel) with ℓ = {e, µ, τ} [136, 149]. However, these measurements are less
sensitive than FCC’s measurement of the total mixing, meaning we disregard them due to |UeI |2 ≤ |UI |2.
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case 2. Therefore, we use the sensitivity bound of case 2 when appropriate [130], otherwise we
explicitly state the bound used.
The sensitivity curve from the DUNE Collaboration [145] is estimated by a simple scaling
by comparing experimental parameters, such as protons on target, number of produced charm
mesons, detector length, and detector area with the CHARM [151] and PS191 experiments [152].
This means that the limit of CHARM/PS191 is extrapolated to the expected sensitivity of
DUNE. However, CHARM and PS191 have only reported limits of the individual mixing el-
ements |UeI |2 and |UµI |2, meaning DUNE’s sensitivity curve is only valid when these flavored
mixing elements dominate the total mixing. Therefore, the DUNE and SHiP sensitivities are de-
rived under similar assumptions. We choose the optimistic curve for the DUNE experiment [145].
The FCC experiment have reported various sensitivity curves for different experimental setups,
such as detector length, running time, and decay length of the sterile neutrino. We use the more
optimistic sensitivity curve, i.e. the one for a detector length of 30 m, 1013 Z-bosons produced,
and decay length of 0.01-500 mm [148].
5.2 Model-independent view of total mixings
In this section, we investigate the total mixing of the lightest and heaviest sterile neutrino,
and we use two model-independent methods which produce viable candidates for the charged
lepton Yukawa matrix Yℓ, the Dirac mass matrix MD, and the Majorana mass matrix MR.
The first method is the Casas-Ibarra parameterization, which uses the neutrino mixing param-
eters as input and parameterizes the different degrees of freedom. The second approach uses a
“generate-and-tune” method to obtain neutrino oscillation parameters from random mass ma-
trices. Thereafter, we discuss the results, and compare them to the expected sensitivity bounds
of future experiments.
5.2.1 Casas-Ibarra parameterization and random mass matrices






and it is a self-consistent parameterization in the seesaw framework. It uses the physical ob-
servables, such as neutrino mixing parameters UPMNS(θ12, θ23, θ13, δ, α, β), and neutrino masses
mdiagν = diag(m1,m2,m3), as input. The other matrices MR = diag(M1,M2,M3) and R pa-
rameterizes the degrees of freedom, and are not directly accessible to experiments. A diagonal
MR is generally allowed due to freedom of redefining the particle fields in the SM Lagrangian,
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but this choice of basis means an underlying flavor symmetry for generating the mass matrices





−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13
s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13
 , (5.2.2)
where cij = cosωij and sij = sinωij with ωij being a complex angle. The dependence of the
parameter Re(ωij) is periodic [154], whereas Im(ωij) has no limit in general. Therefore, we
choose Re(ωij) ∈ [0, 2π] and Im(ωij) ∈ [−8, 8] since a broader range is without consequence.
Model predictions with GeV heavy neutral lepton (HNL) masses are generated by choosing
neutrino oscillation parameters from their 3σ ranges3 [68], whereas the three CP-violating phases
(one Dirac-type and two Majorana-type) are free to vary in the interval δ, α, β ∈ [0, 2π]. We
rewrite the neutrino masses, so they depend on the mass square differences and the lightest
neutrino mass, however we do not known the absolute mass scale. We have an upper limit on
the sum of the neutrino masses from cosmology

mν < 0.72 eV [29], leading to the interval
for the lightest neutrino mass mmin ∈ [0, 0.23] eV. We consider the normal ordering of the
neutrino mass hierarchy only, since we expect a similar result for inverted ordering. Since
we are interested in GeV sterile neutrinos, we choose the interval MI ∈ [0.1, 80] GeV with
the requirement M1 < M2 < M3. Due to this requirement, we show the parameter space
for the lightest and heaviest sterile neutrino only, thereby omitting the parameter space of
the intermediate sterile neutrino. It is redundant since its parameter space lies between the
parameter space of the two other sterile neutrinos. Additionally, each figure will satisfy the
paradigm “one model, one dot”, meaning all realizations of a specific scenario fulfilling every
experimental constraint are shown.
In the second method, we generate random mass matrices





 , MR = diag(M1,M2,M3) , (5.2.3)
where mD controls the overall mass scale of the Dirac mass matrix, and ci are independent
order one complex numbers with |ci| = ki and arg(ci) = φi for i = [1, ..., 9]. One obtain these
matrices since one has the freedom to redefine the particle fields, meaning the mass matrices
have a structure similar to the Casas-Ibarra parameterization. One might choose non-diagonal
3We use the standard parameterization of UPMNS for Majorana neutrinos Eq. (3.1.5).
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MR and Yℓ, however it yields similar results due to basis-independence of physical observables.
Using Eq. (5.2.3), leaves less free theory parameters compared to non-diagonal Yℓ and MR. We
dub this method the “random case” since the neutrino oscillation parameters are generated from
random mass matrices given in the flavor symmetry basis. This concept is similar in motivation
but somewhat different in implementation from the anarchy hypothesis, which postulates the
independence of the measure [7].
For this method, we use the “generate-and-tune” method, similar to Ref. [155], to find vi-
able realizations of the neutrino oscillation parameters. We choose ki ∈ [ϵ, 1/ϵ] with ϵ = 0.2
(motivation becomes clear later in the dissertation) and MI ∈ [0.1, 80] GeV randomly with the



























where we use the best-fit values and 1σ errors of the neutrino oscillation parameters from
Ref. [68]. This minimization is performed with Brent’s [156] and Powell’s methods [157], where
an one-dimensional minimizator minimizes along mutually perpendicular directions in the N-
dimensional space. This leads the method to the minimum with the smallest possible χ2 value,
see Appendix B for a more detailed description of the minimization procedure. Initial values for
the phases and the overall scale of the Dirac mass matrix are needed, and we choose 0 and 2π
for the φis and 10 keV and 300 keV for mD4. If the final value of χ2 < 9, we keep the realization;
otherwise, we discard it.
This procedure does not (necessarily) find a global minimum, however we are interested in
parameter sets obeying χ2 ≤ 9. Therefore, any local minimum is also viable compared to the
global minimum. Additionally, any perturbation might lead to a different minimum, however as
long as χ2 is satisfied, the parameter set is viable. More critically is the stability of procedure, i.e.
whether it converges to a local minimum or not. The χ2 function is a second order polynomial
in the oscillation parameters, meaning the procedure strongly converges toward the minimum.
We have tested this procedure ourself, perturbing the parameter set, and the same minimum
is obtained in all cases, even with a perturbation of 75%. A study finds a similiar result [158].
Therefore, it seems that the minimization method is vigorish. If we minimize a different function,
an other outcome is possible. In general, a third order polynomial has a saddlepoint at x = 0,
4The range for the overall scale of the Dirac mass matrix is obtained by using the scaling mD ∼
√
MI from the
seesaw mechanism. Putting MI ∈ [0.1, 80] GeV implies mD ∈ [10, 300] keV.
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however the function has a lower value at x = ∞. Introducing a third order polynomial into
the χ2 function, means it behaves differently. Therefore, any perturbation might result in a
completely different outcome compared to our case. We have also checked the behavior of a
third order polynomial in this minimization procedure, and a small perturbation (∼ 5%) can
result in different parameter set. Therefore, the stability of the procedure depends strongly on
the function, which one wants to minimize.
5.2.2 Results
We generate realizations with the two different methods. We apply cuts to ensure that they obey
experimental limits such as the upper limit on the effective mass of neutrino-less double beta
decay mββ , the upper limit on the decay rate of the lepton flavor violating process µ→ eγ, and
upper limit on the active-sterile mixings. Additionally, the sterile neutrino lifetime has to obey
τN < 0.1 s, since the observed abundances of light nuclei imply that they must have decayed
long before Big Bang nucleosynthesis (BBN). This is supported by good agreement between
experimental observations and theoretical computations. We follow Ref. [154] to compute these
observables. We keep the set of mass matrices which obeys all experimental constraints, else
we disregard them. Especially, the constraints from direct searches and BBN are of importance
since they directly exclude parts of the active-sterile mixing parameter space.
Our results for the two methods are displayed in Fig. 5.1 top. We show the total active-sterile
mixing of the lightest and heaviest sterile neutrino as a function of their mass, and the dark
shading regions are excluded by different experimental constraints. The lower bound comes
from BBN since our requirement of τN < 0.1 s impacts the total mixing due to the relationship
τN ∼ Γ−1N ∝ |UI |−2. Additionally, a lower bound from the seesaw mechanism is frequently used
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where mmin is the lightest active neutrino mass. However, mmin can be as low as zero, meaning
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the seesaw bound is, in general, weaker than the BBN bound. Therefore, we omit the seesaw
bound here. Direct search experiments sets an upper limit on the active-sterile mixings; a
review of the different experimental bounds is given in Ref. [154]. The flavored mixing elements
|UeI |2 and |UµI |2 are well constrained in the mass range 0.1− 2 GeV with decreasing sensitivity
for increasing mass, whereafter they reach a plateau at about 2 − 100 GeV reported by the
DELPHI Collaboration [160]. The mixing element |UτI |2 lacks the same stringent limit, and
it is best constrained by the same plateau mentioned before. It has a worse limit due to the
tau production threshold, meaning it is difficult to identify the tau neutrino by its associated
charged lepton. As a consequence, we set the upper bound on the total mixing to be the |UτI |2
limit since this mixing element typically limits the sensitivity. The theoretical predictions are
compared to the expected sensitivity of FCC only, since it measures the total mixing directly.
We are not aware of any sensitivity studies from SHiP and DUNE on the total mixing in the
absence of any assumptions, meaning we do not show their corresponding bounds5.
Similar mixings are predicted by the two methods, and they occupy the same part of the
parameter space. In principle, they can generate the whole shown parameter space (cf., [154]),
however it requires some fine-tuning. Expressing the total mixing using the Casas-Ibarra pa-






mj |RjI |2 , (5.2.7)
where MI is the sterile neutrino mass, mj is the light neutrino mass, and RjI is the matrix
element in the matrix R. For N = 2 sterile neutrinos, R depends on one complex angle only,
and the matrix element is RjI ∝ e|Im(ω)| when |Im(ω)| > 1 [126, 144, 154]. Therefore, assuming
|Im(ω)| ≫ 1 means, in general, a large total active-sterile mixing. In our models with N = 3
sterile neutrinos, the matrix elements behave similarly, but we have three complex angles rather
than one. Having |Im(ω)| (either one or multiple angles) too large, leads to violation of the
upper experimental active-sterile mixing bound. Therefore, some fine-tuning is required to
obtain predictions in the upper area of the parameter space.
Assuming specific relationships among the flavored mixings, means better constraints from
the experiments. Here, the total mixing sensitivity is not necessarily limited by |UτI |2 if the tau
element does not contribute significantly to the total mixing. We use the assumption of case
2 (Eq. (5.1.2)) in the following for illustrative purposes, meaning the sensitivity to the total
5A bound on the total mixing can be derived from the information of |UeI |2 and |UµI |2 if the |UτI |2 contribution
is known. In the absence of any assumption, no sensitivity can be derived since |UτI |2 is not measured. A
limit on the active-sterile mixing can be measured directly from processes such as NI → ην → π+π−π0 +pmiss,
however it may be weaker than the bounds frequently shown in the literature.
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mixing is dominated by the muon flavor6. We take this assumption of the relationship among
the individual active-sterile mixing elements into account in Fig. 5.1 bottom. Our predictions
do generally follow the upper bound because the models are constrained by the upper limits
on the flavored mixings from direct search experiments. However, the total mixing predictions
are not produced using this active-sterile mixing ratio and can therefore violate it. Since we
take the specific ratio among the flavored mixings into account, bounds from the SHiP and
DUNE experiments are included now, as the individual mixing sensitivities can be translated
into the total mixing sensitivity. These sensitivities should be interpreted with respect to the
experimental limits. In the mass range M ≤ 2 GeV, it is possible to improve the current total
mixing bound by 2 orders of magnitude by SHiP, whereas it is frequently mis-interpretated in the
literature when comparing them together with other bounds without taking the flavor mixing
ratio assumptions into account. For the lower (BBN) bound, a ratio among the flavored mixing
elements do not play a major role since it depends on the total mixing only. How the mixing is
distributed into the three sectors is irrelevant, just as long that the total mixing is large enough
so that τN < 0.1 s.
5.3 Model-dependent view of total mixings
Flavor symmetries can explain the observed neutrino masses and mixings from first principles,
and they usually leave an imprint of the size on the mass matrix entries. We investigate this
in the lepton sector in the context of the FN mechanism, where the mass matrix entry size is
given by the Cabibbo angle. Thereafter, we study the active-sterile mixings as they serve as
model discriminators, making it possible for future experiments to distinguish between different
scenarios.
5.3.1 The Froggatt-Nielsen mechanism in the lepton sector
We construct mass matrices in the lepton sector with the FN mechanism [162, 163], and we
consider a flavor symmetry given by a direct product of cyclic groups, i.e. GF = Zn1×Zn2×...Znm .









= 0.05 : 0.77 : 0.18. (5.2.8)
The well-constrained electron and muon flavors are typically dominating when translating the individual
bounds to the total mixing bound. Considering the case with a sterile neutrino mixing only with the tau
flavor, means the upper bound will come directly from the upper bound on the tau mixing element.
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The charge assignment of the leptons is
(eR)i ∼ (pi1, pi2, ..., pim) = pi , ℓi ∼ (qi1, qi2, ..., qim) = qi , (NR)i ∼ (ri1, ri2, ..., rim) = ri (5.3.1)
for the right-handed lepton (eR)i, the lepton doublet ℓi and the sterile neutrino (NR)i, respec-
tively. The jth entry in each row vector denotes the Znj charge of the particle, i = 1, 2, 3 is
the generation index, m is the number of Zn factors, and nk (k = 1, 2, ...,m) may be different.




























zij(NR)i(N cR)j + h.c. , (5.3.2)
where x, y, z are independent order unity complex numbers, H̃ = iσ2H and ϵ ≃ vf/MF is a
remnant from integrating out the flavons and the superheavy fermions. Therefore, the mass
matrices will depend on the control parameter ϵ, and this leads to effective SM lepton masses

















where v is the Higgs VEV and mD (mR) is the overall scale of the Dirac (Majorana) mass
matrix. The exponent is given by the quantum numbers assigned to the leptons
αkij = min[(pki + qkj ) mod nk, (−pki − qkj ) mod nk], (5.3.4)
βkij = min[(qki + rkj ) mod nk, (−qki − rkj ) mod nk], (5.3.5)
γkij = min[(rki + rkj ) mod nk, (−rki − rkj ) mod nk]. (5.3.6)
Therefore, the structure of the mass matrices (texture) arise as the leading order products of
ϵ. One uses the term “texture” since it captures the overall magnitude of each matrix element
and the mass matrix structure. Using this method, mass matrices such as those in Tab. 5.1 are
obtained. For further in-depth discussion about the complete procedure of deriving the texture
sets, see Refs. [80, 162, 163]. These texture sets are the basis of this analysis7, and we study
their active-sterile mixings and compare them to expected sensitivities.
7Note that we checked all examples from Ref. [163] but only show a few examples here for illustration.
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# Yℓ = Mℓ/v MD/mD MR/mR GF
15
 ϵ4 ϵ4 ϵ2ϵ3 ϵ4 1
ϵ3 ϵ2 1

 ϵ2 ϵ ϵ3ϵ2 ϵ ϵ2
ϵ ϵ2 1

 ϵ2 ϵ2 ϵϵ2 ϵ ϵ2
ϵ ϵ2 1
 Z5 × Z7
19
 ϵ4 ϵ4 ϵ2ϵ2 ϵ2 ϵ2
ϵ4 ϵ2 1

 ϵ ϵ2 ϵϵ 1 ϵ
ϵ 1 ϵ

 ϵ ϵ2 ϵ5ϵ2 1 ϵ3
ϵ5 ϵ3 1
 Z5 × Z6
22
 ϵ4 ϵ3 ϵ2ϵ2 ϵ2 ϵ3
ϵ5 ϵ 1

 ϵ2 ϵ ϵ21 ϵ 1
1 ϵ3 1

 1 ϵ3 1ϵ3 ϵ ϵ3
1 ϵ3 1
 Z3 × Z9
Table 5.1: Selected examples for texture sets Yℓ, MD, and MR from flavor models [163],
where the numbering of each texture set is kept from the original article. The
last column shows the flavor symmetry extension of the SM symmetry, i.e.,
GSM × GF = SU(3)× SU(2)× U(1)× GF , that realizes the structure of the matri-
ces.
We set ϵ = 0.2 such that the textures explains the mass spectrum for the charged leptons and
neutrinos, however each matrix element has the freedom of an independent order one complex
number cij (feature of the FN framework) with |cij | = kij and arg(cij) = φij (before we used
x, y and z as complex numbers in the lepton mass Lagrangian Eq. (5.3.2)). We need 24 complex
numbers, the charged lepton Yukawa matrix and the Dirac mass matrix need 9 each, whereas
the Majorana mass matrix only needs 6 due to the constraint MR = MTR . The magnitude of
the order one complex number cannot be arbitrary, since one could erase the structure of the
mass matrices with the complex order one number. Therefore, we choose ki ∈ [ϵ, 1/ϵ], so each
order one number can maximally change each matrix entry by one order of magnitude. This is
the reason for our choice of ki ∈ [ϵ, 1/ϵ] in Section 5.2. The predicted parameter space for the
HNLs is (roughly) a direct consequence of the flavor symmetry since it controls the magnitude
of the matrix entries, which, in turn, controls the active-sterile mixings. The overall scale of
the Majorana mass matrix is given by the interval mR ∈ [0.1, 100] GeV since we are interested
of GeV sterile neutrinos. We use the “generate-and-tune” method introduced previously to
obtain values for the phases φi and the overall scale of the Dirac mass matrix mD. We use the
same initial value range for the phases, however it is different for mD since the Majorana mass





coefficients gives more freedom to the minimization compared to fixing mD =
√
mR. Even with
this procedure, we are not guaranteed that the masses of the sterile neutrinos are in the interval
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of interest, i.e. MI ∈ [0.1, 80] GeV. Therefore, we use the scaling symmetry
MR → zMR , MD →
√
zMD (5.3.7)
with z being a real number if one (or multiple) masses are outside of the interval MI ∈
[0.1, 80] GeV.
In the minimization routine, we vary the phases and the Dirac mass scale to locally minimize
the χ2. In a general procedure, one would vary the magnitude of the complex number in
addition, possibly obtaining a parameter set with a lower χ2. However, this erases the structure
in the mass matrix since one cannot control their final value. Additionally, the minimization
procedure would take more time due to the larger parameter space. Therefore, we keep using
the minimization procedure described previously.
5.3.2 Results
Our results are shown in Fig. 5.2 top, displaying each realization of the model predictions as
dots. Lower and upper limits are given by BBN and direct search experiments, respectively.
Again, the experimental sensitives assumes a specific ratio among the flavored mixings, meaning
the model predictions can violate the upper bound since they are not produced under this
assumption. However, they follow the trend of the upper bound.
The model predictions from the three different texture scenarios are shown, displaying the
flavor symmetry’s impact on the active-sterile mixings. Texture 15 tends to be within reach
of future experiments, whereas texture 19 produces small mixings beyond this reach. Texture
22 is partially within reach. Therefore, the total active-sterile mixings can be used as a model
discriminator, even though some of the cases are indistinguishable based on the total mixing as
an observable only. One can deduce that all flavored mixing elements |UαI |2 have to be small
if the total mixing is small due to |Uα|2 ≤ |UI |2, however it is more difficult in a scenario with
large total mixings. Therefore, we study the individual flavor-dependent mixing elements in
Section 5.4.
In our models, we introduce N = 3 sterile neutrinos at the GeV scale, and each of them can be
found experimentally. In case of degenerate sterile neutrinos, each experiment can discover all
of them. However in the general case, the experiments are complementary to each other when
excluding model predictions. As an example, we use texture 15, and we study DUNE’s comple-
mentary to SHiP and FCC, even though it could be any of the texture sets and experiments.
The model predictions of texture 15 within reach of DUNE are shown in red in Fig. 5.2 bottom
left, whereas the blue points represent the predictions not within reach. This leads to two sub-
sets of the model predictions for texture 15, and we study the heaviest sterile neutrino for both
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subsets, as shown in Fig. 5.2 bottom right. Model predictions from both subsets occupy the
region probed by FCC, thereby showing the complementary among the experiments. Therefore,
excluding model predictions for the lightest sterile neutrino has consequences for the other two
sterile neutrinos. In general, combining all bounds from DUNE, SHiP and FCC while including
all three sterile neutrinos into the discussion, gives the strongest upper bound and excludes the
most model predictions. Even in this situation, some cases cannot be excluded, and more sensi-
tive experiments or experiments with the production of the sterile neutrinos from B-mesons are
needed [136]. B-factories can probe the part of the parameter space situated between the SHiP
and FCC bounds at mass range 3− 7 GeV, thereby closing this spot in the parameter space.
5.4 Flavor-dependent active-sterile mixings
In this section, we discuss the flavored active-sterile mixings |UeI |2 and |UµI |2 in both ap-
proaches8, and compare the predictions to the experimental sensitivities.
In figure Fig. 5.3, no lower limit exist on the individual mixing elements since one can be very
small if the others compensate for it, ensuring the lifetime constraint τN < 0.1 s. While the FCC
experiment is insensitive to the flavored mixings, their bound is still applicable since constraining
the total mixing also limits the individual mixing. Therefore, we use the same sensitivity on
the flavored mixings as on the total mixings. Additionally, we do not assume any specific
ratio among the active-sterile mixings in the exclusion bounds as indicated by the statement
“Assumption: None” in the top of the figure, meaning we use the appropriate sensitivities with
a single dominating flavor for the SHiP and DUNE experiments. In this section, we focus on the
lightest sterile neutrino only since SHiP and DUNE are most sensitive to this sterile neutrino
(FCC is more sensitive to heavier sterile neutrinos). Additionally, their planned starting date is
sooner than that of FCC.
Considering the model-independent approaches in Fig. 5.3 top, the Casas-Ibarra parameteri-
zation and the random case produces, in principle, the same region of the parameter space, even
though the Casas-Ibarra parameterization occupies more of the parameter space. Additionally,
some fine-tuning is needed to obtain large mixings (explained previously), and extremely small
mixings are rarely predicted since it requires cancellations among the different terms in the fla-
vored mixings. It seems that the muon flavored mixings are better probed, however SHiP and
DUNE is also probing a large fraction of the electron flavored mixing parameter space. The
8In the SHiP and DUNE experiments, the main source of sterile neutrinos comes from charmed hadrons. They
have similar mass as the tau-lepton, meaning |UτI |2 will contribute to the sterile neutrino production only
due to the small mass difference between the charm meson and the tau-lepton. Therefore, it is considered
irrelevant for subsequent sterile neutrino decays [164, 165], meaning we omit the mixing element |UτI |2 in this
discussion.
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FCC experiment is still excluding model predictions in spite it is intended to search for heavier
sterile neutrinos. Note that no realizations are above the upper bound, since it directly applies
here.
Discussing the model-dependent method, the flavored mixings are shown in Fig. 5.3 bottom.
Interestingly, we observe the impact of the flavor symmetry on these observables. For example,
texture 22 produces large mixing in the muon channel, whereas it is suppressed in the electron
channel. Quite differently, large mixings are predicted by texture 15 for both the electron and
the muon mixing elements. This example demonstrates that the information from different
channels can be used as a model discriminator and tell something about the structure of the
mass matrices.
5.5 Limitations, extensions, and outlook
There is no dark matter candidate in our models since we introduce three GeV sterile neutrinos.
However, one could incorporate a fourth keV sterile neutrino or some other candidate, i.e.
Weakly Interacting Massive Particles (WIMPs) or axions, as dark matter. There are limited
constraints concerning the number of sterile neutrinos and their mass scale, which can easily
be evaded, meaning it is a valid option to introduce a keV sterile neutrino. However, it has to
be very weakly interacting due to experimental constraints, meaning it will not influence our
computation. However, one has to explain the extra mass generation since it no longer reflects
the symmetry seen in the quark sector. Considering WIMPs or axions, one can incorporate them
without influencing our calculation since they do not (usually) interact with neutrinos. WIMPs
are usually considered in many supersymmetry (SUSY) models with masses of ∼ 100GeV −
10TeV [166, 167]. A different possibility is the axion, and estimates show it will have a µeV
mass [168–170].
We did not compute the baryon asymmetry in our computation, however comparing the
allowed νMSM parameter space in Fig. 4.2 with our model parameter space, one sees that
they overlap. At the same time, our model parameter space is larger since we consider three
GeV sterile neutrinos, meaning there are more possibilities in generating the baryon asymmetry.
Therefore, it is, in principle, possible to generate the baryon asymmetry in our models. Since
we introduce three GeV sterile neutrinos, means our case is not minimalistic as the νMSM.
However, no mass degeneracy among the sterile neutrinos is needed in our case (meaning no
fine-tuning problem).
Comparing the different experiments DUNE, SHiP, and FCC, a discussion about their strengths
and weaknesses seem justified since it might be that only one (if none at all) is built in the end.
SHiP’s main competitor is DUNE in the context of searching for GeV sterile neutrinos due to
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their similar sensitivity bounds. Therefore, it might be difficult to argue for the contruction of
both experiments, meaning it is very important for both Collaborations to argue in favor of their
experiment. The DUNE experiment is a prime candidate to measure the neutrino mass order-
ing and CP violation in the lepton sector, which are two observables needed to complete the 3ν
framework. A possible drawback is DUNE’s liquid-argon based detectors, which is a new exper-
imental technology compared to the water-cherenkov based detectors. Therefore, experimental
development of this new technology has to take place before building the detector [171, 172].
Additionally, there is no cost estimate and starting date of DUNE, but the Collaboration pursues
a scope of work, cost, and time schedule by year 2020 [173]. Considering the SHiP experiment,
it is based on current technology [143], meaning no research and development (R&D) has to
take place in comparison to the DUNE experiment. At the same time, SHiP is suppose to start
data taking by year 2025. According to its technical proposal [143], the complete cost of SHiP is
roughly 200 million USD, divided into 136 million USD for the facility housing the experiment
and 59 million USD for the detector [143]. However, SHiP seems limited in the context in a
world-wide plan, whereas DUNE plays a central role in Fermilab’s decision to focus on neutrino
physics in the future with many new experiments. The FCC experiment is in a different class
compared to DUNE and SHiP, especially cost-wise. It is a vision as the next step in the physics
program at CERN. First of all, FCC is suppose to start much later than DUNE and SHiP, but
it will explore a different part of the parameter space. Secondly, it starts as a lepton collider,
whereafter it is turned into a hadron collider, meaning there are many uses for this experiment
in a world-wide plan. One can explore the Higgs boson’s couplings, flavor physics, and super-
symmetry over a large energy range. However, the cost is emens, meaning each country in the
CERN Collaboration has to invest a huge amount for many years. In summary, there are various
strengths and weaknesses for the different experiments, and we will see in the future whether
they are build or not.
Considering the texture sets in Tab. 5.1, there are many theory parameters entering the anal-
ysis, i.e. magnitude and phase of 24 complex numbers together with two mass scales. However,
one could perform the same analysis with less theory parameters by assuming O(ϵ2) ≃ 0 or
O(ϵ) ≃ 0. Considering the mass matrices to a certain order of ϵ, smaller matrix entries are set
to zero. Consequently, a higher predictability of the different observables is possible, however
it might be that the texture sets cannot generate the neutrino oscillation parameters within
their experimental range. Therefore, one might exclude some of the texture sets when assuming
O(ϵ2) ≃ 0 or O(ϵ) ≃ 0. This could be an improvement of the analysis compared to the original
work, and one could pursue this in the future.
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Figure 5.1: Total active-sterile mixing predictions for the lightest and heaviest sterile neutrino
for the Casas-Ibarra parameterization (red points) and random case (blue points),
where one dot represents one model. The sensitivities are from the experiments
DUNE (purple), SHiP (cyan) and FCC (orange). A&B) No assumptions has been
imposed on the ratio of the flavored mixings (indicated by “Assumption: None”),
meaning SHiP and DUNE sensitivities are not displayed. C&D) Experimental
bounds are shown for the assumption |UeI |2 : |UµI |2 : |UτI |2 = 1 : 16 : 3.8 (indicated
by “Assumption:Case 2”). Figure taken from Ref. [161].
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Figure 5.2: A&B) Similar to Fig. 5.1A&B) for the predictions of the total active-sterile mixings
of the lightest and heaviest sterile neutrino from different texture sets (colors); see
the figure legend. C&D) Complementary among the different experiments using
texture 15 as an example. The red (blue) points are the model predictions with
the mixing |U1|2 (not) reachable by the DUNE experiment, and the corresponding
model predictions of |U3|2 for the same model, thereby showing that DUNE can
exclude model predictions for the heaviest sterile neutrino which are out of reach
by FCC, and vice versa. Figure taken from Ref. [161].
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Figure 5.3: The flavored active-sterile mixings (|UeI |2 and |UµI |2) for the lightest sterile neu-
trino only. The upper bound from direct search experiments is shown as well,
whereas no lower bound exists for three generations of sterile neutrinos (since one
mixing element can be very small if an other is large enough to ensure the sterile
neutrino lifetime bound from BBN. A&B) Model predictions for the Casas-Ibarra
parameterization and random case. C&D) Model predictions for the different tex-
ture models. Figure taken from Ref. [161].
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Non-Abelian symmetries for Cabibbo mixing
In the previous chapter, we saw the use of Abelian flavor symmetries and their impact on the
active-sterile mixings. However, it lacks the full quantization of the mixing matrix since it
depends on a control parameter ϵ (indirectly from the mass matrices). We fix this parameter
by hand (a good estimate is ϵ ≃ 0.22). Using non-Abelian symmetries as the parent symmetry
evades this issue, thereby allowing for precise predictions of the mixing matrix. Additionally,
coupling it with other symmetries, helps organizing the fermion mass patterns. Therefore, we
discuss non-Abelian flavor symmetries in this chapter.
We investigate Cabibbo mixing in the quark sector by utilizing a method, which effectively
inverts the arrows in Eq. (4.2.2). We start by identifying the residual symmetries in the SM
quark Yukawa sector, and thereafter we build the generators, which represents the symme-
try. The generators depend on the same degrees of freedom which are present in the mixing
matrices by construction, thereby linking the physical observables to the symmetry charge as-
signments. Scanning over these degrees, we obtain different combinations of the symmetry
generators, whereafter we close the groups generated by the generators using the computational
GAP program1. We consider small ordered groups that can predict the Cabibbo angle to lead-
ing order, meaning we adopt the philosophy explained previously in Section 4.5, suggesting that
corrections might shift the leading order prediction value to the experimentally allowed range.
This approach of “[re]constructing” finite flavor groups realizes an automation of the studies
performed previously [174–177]. The authors of Ref. [178] considered the bottom-up approach
in a non-automated fashion. This particular method is useful as a model-building tool since it
identifies possible symmetries capable of describing the observed oscillation parameters.
6.1 Residual symmetries of the quark mass sector
The residual symmetries present in the SM Lagrangian is the starting ground to identify the
original non-Abelian flavor symmetry, and several studies have investigated this issue both
1http://www.gap-system.org/. We use GAP4.7.
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analytically and numerically over the last couple of years. The quark mass Lagrangian is given
by [175]
−L = ŪRM̂UUL + D̄RMDDL + h.c. , (6.1.1)
where UL,R ≡ (u, c, t)TL,R, DL,R ≡ (d, s, b)TL,R and M̂U ≡ diag{mu,mc,mt}. Hence, we choose the
basis where the up quark mass matrix is diagonal. We identify the residual symmetries Gu and
Gd from the quark mass Lagrangian, and for each mass generation, it remains invariant under a
U(1) symmetry. Therefore, the natural residual symmetry of both the up and down quark mass
terms is U(1)3, a product of the three U(1) coming from each generation. We are currently only














We investigate the different possible scenarios of the residual symmetries being a single cyclic
group Zn, a direct product Zn × Zm or a combination thereof. We choose these combinations
since they are frequently choices in the lepton sector [179]. The residual symmetries transforms
the left-handed fields by2
UL → TlUL , DL → SDiDL , (6.1.3)
where Tl (SDi) denotes the generator(s) of Gu (Gd). The generator Tl is given by
Tl = diag





where Φj = 2π φjn . It has this form since we choose a basis, where the up quark mass matrix is
diagonal. We treat φj and n as integers in our method (described later), and n represents the
order of the generator Tl. The generator SDi is rotated due to non-diagonal down quark mass
matrix. In turn, it explicitly depends on the parameters in the unitary mixing matrix
SDi({Θk, αj}) = UCKM (Θk)Si(αj)U †CKM (Θk) , (6.1.5)
where Si are diagonal matrices analogous to Eq. (6.1.4) with phases αj , and {Θk} are whatever
mixing angles and CP-violating phases are present in UCKM . We have the experimental allowed
2No physical right-handed mixing occurs in the SM, meaning their transformation properties are not important
for this discussion.
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range for the CKM mixing matrix elements [20]
|UCKM| ≃

0.9741− 0.9744 0.2248− 0.2260 0.0034− 0.0037
0.2246− 0.2258 0.9733− 0.9736 0.0402− 0.0426
0.0085− 0.0092 0.0393− 0.0416 0.9991− 0.9992
 . (6.1.6)
This shows the explicit hierarchical nature of the quark mixing matrix, also displayed in Fig. 3.4.
It is evident from Eq. (6.1.6) that the off-diagonal elements are one to two orders smaller in
magnitude than the diagonal elements, and the upper 2 × 2 sub-matrix approximates nearly an
SO(2) rotation about the Cabibbo angle
ULOCKM ≃

cos θC sin θC
− sin θC cos θC

. (6.1.7)
Considering the numerical values of Eq. (6.1.6) together with the null result from previous studies
searching for discrete groups quantizing the full CKM mixing matrix, means studying Eq. (6.1.7)
only with our bottom-up technique (discussed below) makes sense. By using Eq. (6.1.7) and
Eq. (6.1.5), we find the explicit forms for the effective 2-generation of SDi to be
SDi =





cos θC sin θC
eiα2i − eiα1i

cos θC sin θC eiα2i cos2 θC + eiα1i sin2 θC

. (6.1.8)
Having the charge assignment Gd ∼ Zdm and not a direct product, means the index i is mean-
ingless.
6.2 A bottom-up approach for closing flavor symmetry groups
Our procedure for finding non-Abelian discrete symmetries are discussed. After identifying the
residual Abelian symmetries in the up and down sectors, we use a bottom-up method [111] to
search for the non-Abelian symmetries by examining the possible groups closed by the combi-
nation of their associated generators.
Our script follows the basic steps:
1. Discretization: We have to discretize the continuous degrees of freedom {Θk} since our
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generators depend on them. We use the discretization3
Θk = cπ , (6.2.1)
where c ≡ a/b and (a, b) ∈ Integers. Here, we discretize the angle itself, however insisting
that Θ ∈ [0, 2π] to avoid any degeneracies, meaning a ≤ 2b. We have 3-5 degrees of freedom
in the down sector,{α1i, α2i, θC}, and 2-4 degrees of freedom in the up sector,{φ1l, φ2l}.
We scan over different ranges of the parameters (a, b), and, as a consequence, the number
of potential closed groups grows for increasing ranges of (a, b). For all phases α and φ, we
restrict ourself to a ∈ {−1, 0, 1} and b ∈ {2, ...,Max[O(Tl, Si)]}. For diagonal matrices, the
parameter b represents the order of the generator. Its range starts at two in order to avoid
degeneracies, and its maximum value is user-defined (specified below for each scans).
2. Experimental Constraints: With this huge parameter space, we use experimental data
to constrain it in order to find groups which quantize phenomenologically mixing param-










where we use experimental data from Ref. [20]. Describing this in words, the matrix
element cannot be greater (smaller) than the largest (smallest) experimentally determined
element of UCKM, since discrete groups can predict entries in the mixing matrix, however
not their placement. Therefore, one can constrain matrix elements within an arbitrary
number of sigmas, but not predict the mixing angles within the same number of sigmas,
and an additional cut is required at the end of the search. In the lepton sector, it is a
common practice to choose the mixing element Ue3 as the smallest entry since it is the
smallest according to observation for the standard parameterization of the neutrino mixing
matrix. However in our case with the effective 2 × 2 mixing matrix ULOCKM, we take the
off-diagonal elements as the smaller entries, just as suggested by observation. Therefore,
no ambiguities of placing the matrix elements amongst row and columns are present.
3. GAP Implementation: We use the program GAP, which computes the generators, and
whether a group closes or not. Therefore, we translate our parameterization of Θk into
3Our parameterization Eq. (6.2.1) is an inclusive scheme to discretize mixing angles for both quarks and Dirac
neutrinos in the context of finite subgroups of SU(3) [116]. Therefore, we consider this parameterization in
this study only. Note, however, at least one relevant counterexample is tan(Θk) =

c
1−c with c =
1
3 , leading




cos (c) = E (2b)
a + E (2b)−a
2 , sin (c) =
E (2b)a − E (2b)−a
2E (4) , (6.2.4)
where E returns the primitive N-th root of unity, E (N) ≡ e
2πi
N .
4. Generator Formation: Form the explicit representations of the generators Tl Eq. (6.1.4)
and SDi Eq. (6.1.8) via Eq. (6.2.4).
5. Close the Groups: With the representations of Tl and SDi given by GAP for a specific
interval of (a, b, φj , αj , n,m) and a user-defined experimental σ-range, we close the groups
GF/Q/L generated by them. Explicitly, it checks the four axioms in nummerations 1-4 in
Chapter 4. We consider four cases with different combinations of residual symmetries and
their associated generators
Gu ∼ Zun , Gd ∼ Zdm → GQ = {T, SD} ,
Gu ∼ Zun , Gd ∼ Zdm1 × Z
d
m2 → GQ = {T, SD1 , SD2} ,
Gu ∼ Zun1 × Z
u
n2 , Gd ∼ Z
d
m → GQ = {T1, T2, SD} ,
Gu ∼ Zun1 × Z
u




m2 → GQ = {T1, T2, SD1 , SD2}.
6. Analyze: After obtaining all groups closed, we apply additional cuts since all groups
closed will not be finite, of small-order, non-Abelian, etc. (primary interest for our
study). Therefore, we identify the desired symmetry candidates with the GroupID and
StructureDescription commands in GAP, and obtain the parameters {a, b, αj ...} associ-
ated to the final group structure. This information on the representations of the residual
generators is useful for model-builders to create explicit models.
6.3 Results
We discuss our results for the four different assignments of the residual symmetries Gu/d. Our
results are presented in tables containing the different groups found when searching within the
4Additional parameterizations are [111]











where ER is a square root operation for a rational number N ,
√
N . This parameterization is relevant with
the discretization scheme tan(Θk) =

c
1−c with c = a/b.
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parameter ranges discussed earlier. The first column gives the parameter c, which is directly
linked to the Cabibbo angle. Thereafter, the diagonal entries of the 2×2 matrix representations
of Tl and Si are given. After the diagonal entries, the GAP ID of the group closed is given,
followed by the associated group structure. In the last column, we display the sin θC value
predicted by the group. The different group structures have specific names associated with
them: the (Quasi)-Dihedral groups of order N are (Q)DN and quaternions of order N are
represented as QN , and other groups consist of products such as Σ(2N2) ≡ (ZN × ZN ′) o Z2.
Here, the prime in ZN ′ means the representations of its generators are different from that of
ZN , however they are both groups of order N . Additionally, we define the following group for
simplicity: Ψ(N,M) ≡ (ZN × ZM ) o Z2. In our raw data, the same group shows up multiple
times due to reassignments of the generator charges or permutations of the parameter c. It can
occur that the same group quantizes the same mixing matrix, but with different diagonal matrix
elements in Tl or Si, or it happens that c is different but predicts the same sin(cπ). Therefore,
we omit these duplicates from our results.
6.3.1 Case with residual symmetries Gd ∼ Zdm and Gu ∼ Zun
We consider the simplest scenario first with a single cyclic symmetry in both the up and down
sectors, and we present our results in Tab. 6.1 and Tab. 6.2. In Tab. 6.1, we choose the input
parameters as follows: the discretization parameter ranges are a, b ∈ {0, 1...50}, and we restrict
the order of the residual generators to O(T, S) ≤ 4. From this, we obtain 52 values of the
parameter c, whereas we have 19 unique diagonal generators for both the up and down sectors.
This leads to 19 · 52 = 988 unique non-diagonal generators SD, and, in turn, we have 192 · 52 =
18772 different scenarios which could potentially close non-Abelian finite groups. Firstly, we
confirm that O(SD ·T ) < ∞5 since we are interested in finite groups. Additionally, we require
the order of the parent group to O(GQ) ≤ 75 since it is our primarily goal to search for small
symmetry groups. Since it is our first simulation, we allow for a rather large range of the
Cabibbo angle 0.2 ≤ sin θC ≤ 0.3. We give our results for these “bottom-up” inputs, and
many different group structures appear in Tab. 6.1. The groups providing the best prediction
of sin θC ≃ 0.2225 (c = 1/14) are D14, D28 and Z7 o Z4. The Dihedral groups Dn and D2n
predict the same Cabibbo angle, however, due to our discretization scheme, the order is given
by an integer multiple of the denominator of the input parameter c, meaning it is not surprising
at all that groups such as Dn nad D2n appear in the same simulation. In addition, other less
interesting predictions for sin θC given by the groups Ψ and Q appear in Tab. 6.1.
There are two Dihedral groups generating two different Cabibbo angles, namely D46 (D62)
5We test all such combinations for other symmetry assignments, where more generators are considered.
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quantizes sin θC ≃ 0.2698 (0.2994) and sin θC ≃ 0.2035 (0.2013). Every Dihedral group of order
2n predicts n angles, and for the particular cases of 2n = 46 and 2n = 62, we have 23 and
31 predictions available, respectively. Due to the Cabibbo angle window 0.2 ≤ sin θC ≤ 0.3, it
happens that two of the predictions are within this range.
In our procedure, we obtain Dihedral groups with an order described by the denominator b
of the discretization parameter c = θC/π = a/b. It is easy to understand from a geometrical
interpretation. A Dihedral group has a 2 × 2 element grot with determinant det(grot) = 1. In
our case, grot = TSD since both T and SD have determinant −1 (see Tab. 6.1), leading to
det(grot) = det(TSD) = det(T )det(SD) = −1 · − 1 = 1. Using trigonometric identities, one can
interpret the element grot as a rotation, where the angle is given by an integer multiple of 1bπ
of order n; gnrot is the identity. The Dihedral group Dn has 2n elements; half being rotations
and the other half being reflections. The n elements (with positive determinant) interpreted as
rotations are obtained by taking the powers of grot. The other half (with negative determinant)
are obtained by multiplying the distinct rotations by one of the reflections.
We tighten the Cabibbo angle range to 0.22414 ≤ sin θC ≤ 0.22658 in Tab. 6.2 (closer to the
experimental range) while increasing the discretization range a, b ∈ {0, 1...100}. Additionally, we
restrict O(T, S) ≤ 3, but widen O(GQ) ≤ 1000 since the ranges of a, b will intuitively generate
groups with a larger order. Indeed, we find only larger Dihedral groups with the smallest
ones being D110 and D138; a total of 8 groups. All groups except D110 and D220 predict angles
within the experimental range, however one can trivially predict ever more precise mixing angles
from Dihedral groups by increasing its order and the gridding of a/b (see next paragraph for
explanation).
Dihedral groups such as D14 and others have been known in the literature for some time
[117, 118]. They are trivially generated by our procedure, and the reason is as follow. The
mixing matrix Eq. (6.1.7) can be thought of an SO(2) rotation of a circle in the Cabibbo plane,
and using our discretization scheme for θC corresponds to carving regular polygons out of the
circle. Dihedral groups are symmetries of polygons (e.g., D8 is the symmetry of a square), so it is
no surprise that we find them in our procedure. Additionally, making a finer gridding generates
large ordered groups, meaning the number of sides of the associated polygons increases. This
justifies our requirement O(GF ) . 75 introduced earlier since a Dihedral group will always be
able to trivially predict a mixing angle in a given range (as seen in Tab. 6.2), if the order is high
enough. Additionally, no Dihedral groups were found in more universal, top-down scans like that
in Ref. [116] because most such studies insist that GQ contain 3-dimensional representations —
polygons are, after all, 2 dimensional objects.
Given the results in Tab. 6.1 and Tab. 6.2, one can reconstruct the generator representations
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where we use some trigonometric identities.
As a final note, one can question the diversity of the group structures6 in Tab. 6.1 and Tab. 6.2.
A well-known example is the alternating symmetry of the tetrahedron A4, which predicts unit
(i.e. trivial) mixing in the quark sector [83–87]. This is a reasonable first-order approximation,
however this prediction is impossible with our approach. Unit mixing translates to a diagonal
down-sector generator, which commutes with the diagonal up-sector generator — it will never
close an non-Abelian finite group. Another example is the symmetry group of the triangle S3.
We do not find it, however it can be generated by two matrices with the forms of Eq. (6.1.4) and
Eq. (6.1.5). Its absence is due to the range of the Cabibbo angle — S3 predicts sin θC = 0.7071,
a much larger value than 0.3. In Appendix A, we investigate other mixing angles (not associated
with the Cabibbo angle) using our method, and we show that many other group structures can
be found.
6.3.2 Case with residual symmetries Gd ∼ Zdm1 × Zdm2 and Gu ∼ Zun
In this section, we study the symmetry assignment Gd ∼ Zdm1 × Zdm2 in the down sector
while keeping a single cyclic group Gu ∼ Zun in the up sector. We consider a, b ∈ {0, 1...50},
O(T, S1, S2) ≤ 4, and O(GQ) ≤ 75, but restrict the Cabibbo window to 0.2 ≤ sin θC ≤ 0.24 to
obtain predictions closer to the experimental value. We follow the same procedure as before,
however now with two generators in the down sector. The results are presented in Tab. 6.3,
however we find only one new group Z3 × D14 in comparison to Tab. 6.1. It also predicts
sin θC ≃ 0.2225. The result is highlighted in blue together with an arrow pointing at the group
structure. The eigenvalues of Si1 are clearly degenerate, meaning one cannot distinguish the
two generations7. From the model-building perspective, this group do not more work than D14.
6In both Tab. 6.1 and Tab. 6.2, we consider the same maximum value of the order of the generators T and
S. However, more interesting structures might have subgroups with different maximum order. Therefore, we
perform a scan with O(T ) ≤ 6, but O(S) ≤ 4. We put a, b ∈ {0, 1...50}, 0.2 ≤ sin θC ≤ 0.24, and restrict
(GQ) ≤ 75. With these inputs, we find no new group structures.
7We have otherwise filtered results where generators carry degenerate eigenvalues since every group could have
been generated by these redundant matrices.
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c Tdiag Si GAP-ID Group Structure sin θC
1
11 [-1, 1] [-1, 1] [22, 1] D22 0.2817
1
11 [1, -1] [-1, 1] [44, 3] D44 0.2817
1
11 [-i, i] [-i, i] [44, 1] Z11 o Z4 0.2817
1
12 [-1, 1] [-1, 1] [24, 6] D24 0.2588
1
12 [-i, i] [-1, 1] [24, 8] Ψ(6, 2) 0.2588
1
12 [-i, i] [-i, i] [24, 4] Z3 oQ8 0.2588
1
13 [-1, 1] [-1, 1] [26, 1] D26 0.2393
1
13 [1, -1] [-1, 1] [52, 4] D52 0.2393
1
13 [-i, i] [-i, i] [52, 1] Z13 o Z4 0.2393
1
14 [-1, 1] [-1, 1] [28, 3] D28 0.2225
1
14 [-i, i] [-1, 1] [56, 4] Z4 ×D14 0.2225
1
14 [1, -1] [-1, 1] [14, 1] D14 0.2225
1
14 [-i, i] [-i, i] [28, 1] Z7 o Z4 0.2225
1
15 [-1, 1] [-1, 1] [30, 3] D30 0.2079
1
15 [1, -1] [-1, 1] [60, 12] D60 0.2079
1
15 [-i, i] [-i, i] [60, 3] Z15 o Z4 0.2079
2
21 [-1, 1] [-1, 1] [42, 5] D42 0.2948
2
23 [-1, 1] [-1, 1] [46, 1] D46 0.2698
2
25 [-1, 1] [-1, 1] [50, 1] D50 0.2487
2
27 [-1, 1] [-1, 1] [54, 1] D54 0.2306
2
29 [-1, 1] [-1, 1] [58, 1] D58 0.2150
2
31 [-1, 1] [-1, 1] [62, 1] D62 0.2013
3
31 [-1, 1] [-1, 1] [62, 1] D62 0.2994
3
32 [-1, 1] [-1, 1] [64, 52] D64 0.2903
3
32 [-i, i] [-1, 1] [64, 53] QD64 0.2903
3
32 [-i, i] [-i, i] [64, 54] Q64 0.2903
3
34 [-1, 1] [-1, 1] [68, 4] D68 0.2737
3
34 [1, -1] [-1, 1] [34, 1] D34 0.2737
3
34 [-i, i] [-i, i] [68, 1] Z17 o Z4 0.2737
3
35 [-1, 1] [-1, 1] [70, 3] D70 0.2660
3
37 [-1, 1] [-1, 1] [74, 1] D74 0.2520
3
38 [1, -1] [-1, 1] [38, 1] D38 0.2455
3
46 [1, -1] [-1, 1] [46, 1] D46 0.2035
Table 6.1: Flavor symmetries of ULOCKM using the charge assignment Gd ∼ Zm, Gu ∼ Zn with
m,n < 5 and O(GQ) ≤ 75. We display outcomes with distinct groups and sin θC
(duplicates with different T and S generators from the ones shown, but same group
and same physical angle are omitted). Table taken from Ref. [180].
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c Tdiag Si GAP-ID Group Structure sin θC
4
55 [-1, 1] [-1, 1] [110, 5] D110 0.2265
4
55 [1, -1] [-1, 1] [220, 14] D220 0.2265
5
69 [-1, 1] [-1, 1] [138, 3] D138 0.2257
5
69 [1, -1] [-1, 1] [276, 9] D276 0.2257
6
83 [-1, 1] [-1, 1] [166, 1] D166 0.2252
6
83 [1, -1] [-1, 1] [332, 3] D332 0.2252
7
97 [-1, 1] [-1, 1] [194, 1] D194 0.2248
7
97 [1, -1] [-1, 1] [388, 4] D388 0.2248
Table 6.2: Flavor symmetries of ULOCKM using charge assignment Gd ∼ Zm, Gu ∼ Zn with
m,n ≤ 3 and O(GQ) ≤ 1000. We display only outcomes with distinct groups and
sin θC (duplicates are omitted). Table taken from Ref. [180].
Therefore, this group is not an interesting result.
No new quantizations of sin θC are found using similar (or contained within) parameter ranges
as those used for Tab. 6.1. Additionally, we are not concerned that, for example, D28 is “gen-
erated” by three matrices since other Dihedral groups are closed by two generators only. After
all, a finite group GF can be “generated” by all of its elements! However, the smallest set of
elements generating the Dihedral group is 2. Indeed, three elements are returned
GeneratorsOfGroup(SmallGroup(28, 3)) = [f1, f2, f3] (6.3.3)
when asking GAP for the generators fi of SmallGroup(28, 3) corresponding to D28. However,
we can also ask GAP for the smallest subset of these three “generators” that will do the same
job
MinimalGeneratingSet(SmallGroup(28, 3)) = [f1, f2 · f3] . (6.3.4)
Similarly but in reverse order, one would normally assign three generators to the group Ψ(6, 2)
in Tab. 6.1 to better reveal its structure in terms of the three cyclic symmetries ((Z6×Z2)oZ2),
however it can be generated by two only. An other example is ∆(27) = ((Z3 × Z3) o Z3) ∈
∆(3N2), a popular group for model-building in the leptonic sector [181–183].
6.3.3 Additional findings
Changing the symmetry assignment to Gd ∼ Zdm and Gu ∼ Zun1 × Zun2, gives similar results
as the case Gd ∼ Zdm1 × Zdm2 and Gu ∼ Zun since physical observables are basis-independent.
Additionally, we investigate the symmetry assignment Gd ∼ Zdm1 × Zdm2 and Gu ∼ Zun1 ×
Zun2. More groups are closed due to the larger number of generators, however we obtain the
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c Tdiag Si1 Si2 GAP-ID Group Structure sin θC
1
13 [-1, 1] [-1, 1] [1, -1] [52, 4] D52 0.2393
1
13 [-i, i] [-i, i] [i, -i] [52, 1] Z13 o Z4 0.2393
1
14 [-1, 1] [-1, 1] [1, -1] [28, 3] D28 0.2225
1
14 [-1, 1] [-1, 1] [-i, i] [56, 4] Z4 ×D14 0.2225
1
14 [-i, i] [-i, i] [i, -i] [28, 1] Z7 o Z4 0.2225
1
14 [1, -1] [E(3)
2, E(3)2] [-1, 1] [42, 4] → Z3 ×D14 0.2225
1
15 [-1, 1] [-1, 1] [1, -1] [60, 12] D60 0.2079
1
15 [-i, i] [-i, i] [i, -i] [60, 3] Z15 o Z4 0.2079
Table 6.3: Flavor symmetries of ULOCKM using charge assignment Gd ∼ Zm1 × Zm2 , Gu ∼ Zn
with m,n < 5, O(T, S) < 5 and O(GQ) ≤ 75. We display outcomes with distinct
groups and sin θC (duplicates are omitted). Table taken from Ref. [180].
same results as in the previous two subsections. Within the parameter ranges, the additional
generators does nothing for us. Therefore, we omit both findings here.
The procedure is ignorant about the physical meaning of the generators, i.e. the symmetry of
the Lagrangian. Hence, from a completely agnostic perspective, the bottom-up approach could
study the consequence of a simple rewriting of the mixing matrix, i.e.one expands about the
Cabibbo angle sin2 θC ≈ λ2 + O(λ3) and cos2 θC ≈ (λ2/2 − 1)2 + O(λ3) with λ = 0.225. It
only changes the numerical values by a small amount, meaning it is plausible that it generates
different parent groups GQ. One might interpret it as a “broken-symmetry”. However, as a result
of the expansion, the mixing matrix is only unitary up to O(λ4), resulting in the order of the
associated generator is infinite. Hence, the generator will never close a group, meaning it does
not generate a symmetry of the Lagrangian. Indeed, upon running our script, we find no closed
flavor groups (at least not for our computational input).
6.4 General discussion and limitations
The bottom-up technique is a powerful tool to identify symmetry groups useful for model-
building, however it is important to discuss its limitations. Only direct or semi-direct models
can be constructed from the matrix representations of the generators using the method since
it either predicts all angles in the mixing matrix or a column of the mixing matrix. Indirect
models cannot be constructed since the residual symmetries are not subgroups of the actual
flavor symmetry.
A number of user-defined parameters serves as input in the procedure, including the ranges
of a/b (related to the discretization of the phases and θC), the allowed range of the Cabibbo
angle sin θC , the maximum order of the residual symmetries Gu/d, and the maximum order of
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the parent symmetry GF . Widening or increasing any of these parameters produces more group
closures, and Fig. 6.1 shows a qualitative illustration of the growth of group closures. In each
subfigure8, we vary one of the four “tunes” independently while fixing the others to a specified
value.
There is roughly a linear increase in group closures when increasing amax (upper limit on a, and
thereby b, giving a finer gridding of θC) or the range of the Cabibbo angle sin θC (see Fig. 6.1A
and Fig. 6.1B, respectively). In Fig. 6.1D, the closures eventually plateaus for an increasing
order of the parent symmetry, and this feature is sensible; a finite number of constraints will
limit the group closures. Increasing amax to 35 in Fig. 6.1D, the plateau would occur at 120
groups for MaxOrder(GF ) ≥ 170.
Seen in Fig. 6.1C, a plateau also appears, however it is an artifact of our constraint on
sin θC . This is verified by studying the table in Appendix A, where un-physical Cabibbo angle
predictions appear together with generators of order 3. Therefore, widening the allowed Cabibbo
angle range, increases the number of group closes between O(T, S) ≤ 2 and O(T, S) ≤ 3,
meaning the plateau would disappear. We confirm this by running two additional scans, where
the effective number of c’s are reduced to four and one (there are 10 active c’s in Fig. 6.1C). For
both cases, plateaus begin at O(T, S) ≤ 2 and O(T, S) ≤ 4. Additionally, for the single-c scan,
the final plateau remains up to O(T, S) ≤ 8 (we only ran up to O(T, S) ≤ 7 for the four-c scan).
From this, we deduce that plateaus appear at 41×(# of c′s) and 42×(# of c′s), meaning there
are plateaus at 4 and 16 group closures for one active c, 16 and 64 group closures for four active
c’s, and 40 and 160 group closures for 10 active c’s. We checked that there are more closures of
Abelian groups as O(T, S) increases, however no additional non-Abelian group closes (primary
goal of our study).
Not necessarily associated to the bottom-up technique, an other difficulty arises when the
angles considered are very small. Increasing the group order, means a more precise Cabibbo
angle prediction. This is given in Tab. 6.2, showing the correlation between group order and
associated mixing angle. This is clear to understand for Dihedral groups due to the geometric
interpretation in terms of polygons. Small c parameters means small mixing angles, and from
this, we can infer that we need Dihedral groups with Order(GF ) & O(1000) to quantize the
smallest quark mixing angle, θq13 ≈ π/900. This acts as a lower bound on the order of the
group necessary to quantize the full CKM matrix. We perform a dedicated “bottom-up” scan
to search for discrete symmetries capable to quantize the full CKM matrix, yet non were found.
We considered a computation time of a few days when performing this dedicated scan. This
result is consistent with previous studies, and our approach should also be able to find it, as
long as a finite group has an order smaller than O(1000).
8We use the symmetry assignment in Section 6.3.1
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Figure 6.1: Figures showing the number of parent group closures GF found when varying four
inputs in the “bottom-up” method, namely the discretization parameters a and
b (A), the allowed quantization range of sin θC (B), the maximum order of the
residual Abelian symmetry groups O(Gu,Gd) (C), and the maximum allowed of the
parent non-Abelian symmetry group O(GF ) (D). In each case, we fix the 3 other
inputs to the values shown in the figures. We display our raw data, meaning we
include duplicates in these figures. The curves represent first-order interpolations
of the data, and are present as a visual aid only — they do not represent any




Symmetric or anarchical approach to thermal leptogenesis
In the two previous chapters, we considered the possibility of flavor symmetries as origin of the
fermion mixing parameters. Beside this, one can also consider the generation of a baryon asym-
metry in the same context. In this chapter, we discuss the generation of a baryon asymmetry,
where sterile neutrinos with masses of 1012 GeV are introduced. We use the same texture sets
introduced in Section 5.3. Additionally, we consider the anarchy hypothesis, making a compari-
son between the two frameworks. As a result, different sterile mass distributions are predicted,
meaning there is a clear difference between the two frameworks.
7.1 Thermal leptogenesis
There are many possibilities to generate a baryon asymmetry, depending on the nature of
baryon/lepton number non-conservation, CP-violation and departure from thermal equilibrium.
We discussed an example involving GeV sterile neutrinos in the context of the νMSM intro-
duced in Section 4.5, however the sterile neutrinos can also be heavier than the Fermi scale. An
example is thermal leptogenesis [184], which requires sterile neutrinos with mass of 1012 GeV. A
resonant variant with degenerate TeV sterile neutrinos is also possible, meaning it is testable at
the LHC compared to the original non-resonant leptogenesis version (we discuss this difference
later).
It is possible to generate a lepton asymmetry from heavy neutrino decay due to an interference
among the tree-level diagram and one-loop diagrams (shown in Fig. 7.1), which gets converted
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Figure 7.1: Tree level and one-loop diagrams contributing to heavy neutrino decay whose in-
ferences leads to a lepton asymmetry. Figure taken from Ref. [185]











The second term in Eq. (7.1.1) dominates the production of the asymmetry if Mi ≈Mj (resonant
leptogenesis), meaning one can shift the masses to a lower mass scale (usually TeV scale), but
it requires a mass degeneracy of 10−9 between two sterile neutrinos. This can be compared to
the original idea of thermal leptogenesis, where the asymmetry is generated by the first term in
Eq. (7.1.1), which requires masses of 1012 GeV with an arbitrary mass degeneracy. In general,
there are three different regimes where the washout of the asymmetry is either strong, average
















−3 eV. The regimes are given by Ki ≪ 1 (weak washout), Ki ≈ 1
(intermediate washout) and Ki ≫ 1 (strong washout). The baryon asymmetry is expressed with
respect to the entropy [188]
nB
s




where nH is the number of Higgs doublets (nH = 1 for SM), and the factor in-front is the
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α ϵiα is the asymmetry parameter in the sterile neutrino decay, η is the efficiency
factor of the asymmetry washout, Y eq = 135ζ(3)/(4π4g∗), g∗ counts the effective number of
spin-degrees of freedom in thermal equilibrium (g∗ = 106.75 in SM at temperatures larger than
the electroweak phase transition), and ζ(3) ≃ 1.202. The measurement of the baryon asymmetry
is given by [131–133]
nb − nb̄
nγ
= ηB = (6.10± 0.04)× 10−10 ,
nb − nb̄
s
= (0.87± 0.01)× 10−10 , (7.1.7)
with respect to the photon density and the entropy, respectively, where the conversion factor is
s = 7.04nγ between the two expressions. The generation of the baryon asymmetry occurs as
the temperature of the expanding Universe decreases. As a consequence, flavor effects become
important since the charged lepton Yukawa couplings equilibrate, meaning we must study this
effect next.
7.1.1 Flavor effects
It is possible to study leptogenesis in three separate regions, namely the one-, two- and three-
flavor regimes [191] (not to be confused with the washout regimes). One can estimate the specific
temperature when flavor effects become important by requiring the flavored decay rate Γα (α =
e, µ, τ) being faster than the Universe expansion rate H(T ), i.e. Γα(T ) > H(T ) when T < Tα,
where Γα(T ) ≃ 10−2h2αT [192], H(T ) = 2/3

g∗π3/5T 2/MPlanck, MPlanck = 1.22 · 1019 GeV
is the Planck mass, and hα is the flavored charged lepton Yukawa coupling. We obtain the
temperatures Te ≃ 4 · 104 GeV, Tµ ≃ 2 · 109 GeV and Tτ ≃ 5 · 1011 GeV which defines the
boundary of the three different regions. Notice that to fully distinguish the three flavors, it
is sufficient that the τ and µ Yukawa reactions attain thermal equilibrium. For the one-flavor
regime, i.e. sterile neutrino mass is larger than Tτ , one uses Eqs. (7.1.5)-(7.1.6) to obtain the
baryon asymmetry (remember conversion factor). In the case of the two-flavor regime, the
baryon asymmetry becomes [191]
nB
s
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7.1.2 General remarks in the context of thermal leptogenesis
There are many aspects in this subject, however we consider the following question for discussion:
• How many sterile neutrinos contribute to the baryon asymmetry, and what are their
masses?
Before discussing it, we describe the time period prior to the baryon asymmetry time period
since it has an important impact on the generation of the baryon asymmetry. In the beginning
of the Universe, reheating occurs, and without it, inflation would leave the Universe empty of
matter. Reheating happens through coupling of the inflation field φ, the scalar field generating
the accelerated expansion of space, to SM matter, and the associated temperature is usually
defined as the temperature of the plasma assuming an instantaneous conversion of the inflaton’s





ΓφMPlanck [193, 194] at time
H(T ) ≈ Γφ, where H(T ) is the Hubble rate, and Γφ is the decay rate of the inflaton φ. The decay
rate of the inflaton is rather unknown, so the reheating temperature can vary in the interval
Trh ∈ [106, 1016] GeV [194].
With this information, we discuss the question given above. This is a rather general question
since there are many different answers, depending on the specific model in mind. The masses
are not constrained in the seesaw mechanism, and due to a scaling symmetry, one can shift
the masses without changing the neutrino oscillation parameters. However, it relates to the
reheating temperature since the production of sterile neutrinos with mass Mi larger than Trh
are suppressed, whereas they are thermally produced for Mi < Trh. Due to the range of Trh,
a rather large mass window is allowed. In addition, Trh can control the number of sterile
neutrinos contributing to the baryon asymmetry. Setting M2,3 > Trh but M1 < Trh, means the
lightest sterile neutrino contribute to the baryon asymmetry only since the production of the two
heavier sterile neutrinos is negligible. This is the most common case studied in the literature.
However, there are counterexamples such as the second heaviest sterile neutrino dominating the
asymmetry production or all three contributing to the baryon asymmetry [195–198].
We consider the scenario with the lightest sterile neutrino generating the baryon asymmetry
only. Additionally, we investigate all three flavor regimes. This means one has to replace all
indices i with 1 in the previous discussion. We use numerical fits for the washout efficiency η
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instead of solving Boltzmann equations as the method to compute the baryon asymmetry since a
similar study [199] found an agreement of seven percent between solving the Boltzmann equations
and using the numerical fits of the washout efficiency factor in obtaining the baryon asymmetry.
Therefore, this is only a conservative estimation of the baryon asymmetry. The efficiency factor
η, that takes into account the washout effect of the total lepton charge asymmetry produced by
























Given the discussion about thermal leptogenesis and flavor effects, we take the same texture
sets given in Tab. 5.1, and compute their predictions for the baryon asymmetry. It was not the
original idea of Ref. [80] for the texture sets to generate a viable baryon asymmetry, meaning
we are entering new territories when computing the baryon asymmetry for the texture sets. We
use the same method given in Section 5.2, obtaining viable neutrino oscillation parameters via
the minimization of the χ2, but we have to change the Dirac and Majorana mass matrix scales
to generate GUT-scaled sterile neutrino masses. However, considering the scaling symmetry
MR → zMR , Yαi →
√
zYαi , ηB → zηB (7.2.1)
with z being a real number, one can obtain a baryon asymmetry within its experimental limit.
As a result, a mass distribution is obtained for the different texture sets, and a comparison can
be made. If the sterile neutrino mass is larger than 1016 GeV (upper bound on the reheating
temperature), one can exclude whether the texture sets can generate a baryon asymmetry since
its production is suppressed.
Beside considering the texture sets, one can also consider the anarchy hypothesis as the origin
of the entry values in the matrices. We draw matrix entries from a Gaussian distribution with
mean zero and variance one, and compute the baryon asymmetry for the anarchy hypothesis.
Again, we use the scaling symmetry to obey the experimental baryon asymmetry limit, and study
this impact on the sterile neutrino mass distribution. We dub this scenario the anarchy case.
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Beside this scenario, we study two additional cases using the Wishart method with N = 4 and
N = 30. Again, we choose a Gaussian distribution with zero mean and variance one to generate
the matrix elements of F and G. We choose M0 ∼ 106 − 1016 GeV and mD ∼ 103 − 108 GeV to
generate masses in the interval of interest. To obtain the Dirac and Majorana mass matrices,
we use Eq. (4.4.2), and thereafter we compute the baryon asymmetry. We can make use of
the scaling symmetry again if the baryon asymmetry is outside of its experimental limit. We
dub these two new cases Wishart N=4 and Wishart N=30, respectively, and compare the
distribution of the lightest sterile neutrino mass to the other cases.
7.3 Results
We present our findings of the lightest sterile neutrino mass distribution shown in Fig. 7.2 for
both symmetry and anarchy cases, and the black dashed lines indicates the transition between
the three different flavor regimes. The mass range goes from 106 GeV to 1016 GeV, the lower and
upper bound of the reheating temperature. For the flavor symmetry cases, a broad distribution
is obtained for all texture sets, meaning a large overlap among the different distributions, even
though they are peaking at different mass values. Texture 22 tends to favor the two flavor regime,
having roughly 2/3 of its area in this region. In contrary, texture 19 favors the one flavor regime,
whereas the distribution for texture 15 is between the two other distributions. Additionally, the
distributions are not occupying the three flavor regime much. However, this is due to the mass
degeneracy needed to generate a successful baryon asymmetry. For the anarchy cases, they
have nearly the same distribution, i.e. same width and sterile neutrino mass peak value. The
measure of the mass eigenvalues might dictate the mass distribution shape for the anarchy cases,
giving a possible explanation of their similar shape. They tend to have the largest overlap with
the one flavor regime, whereas it is more sparse with predictions in the other flavor regimes.
Comparing the anarchy cases with the flavor symmetry cases, one sees a clear difference in width
for the distributions. This means the flavor symmetry cases can generate a baryon asymmetry
at lower masses compared to the anarchy cases, even though the Wishart anarchy method can
generate degenerate sterile neutrinos for large N . Therefore, one should expect its distribution
occupying the three flavor regime. A dedicated scan for the Wishart method with large N shows
realizations in the three flavor regime are possible, even though rare due to the fine-tuning of the
mass degeneracy needed to generate the correct amount of baryon asymmetry and keeping the
lightest sterile neutrino mass below 108 GeV. We do not exclude the degenerate mass cases for
both flavor symmetric and anarchical mass models, however these cases are mor rare and need
special attention to construct such models. Additionally, for both the flavor symmetry cases
and the anarchy cases, we study the correlation among the CP-violating phases and the baryon
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asymmetry. No direct correlations were found, but the whole parameter space was occupied.
7.4 Outlook
In this study, we consider GUT-scaled sterile neutrinos, which are not within experimental reach
in the near future. However, it is already possible to test its resonant version with degenerate
TeV sterile neutrinos at the LHC. Mentioned earlier, GeV sterile neutrinos can also generate
the baryon asymmetry, and they are within experimental reach by several future experiments.
Therefore, one could test whether the texture sets or the anarchy hypothesis can generate the
right amount of baryon asymmetry with GeV sterile neutrinos. There are model-independent
studies with three GeV sterile neutrinos in the literature[135, 200], and the allowed parameter
space coincide with our model parameter space given in Chapter 5. Therefore, in principle, it
is possible to generate the baryon asymmetry using the texture sets considered earlier, however
a full calculation is needed to clearly settle this argument. One cannot necessary use the same
approach as in this chapter since it relies on computations for thermal leptogenesis. Considering
the anarchy hypothesis, one can incorporate thermal leptogenesis into this framework [81, 201].
However, no one has considered GeV sterile neutrinos as the origin of the baryon asymmetry in
the anarchy hypothesis. The Haar measure sets strong limits on the matrix entries, meaning one
might not be able to generate the baryon asymmetry with GeV sterile neutrinos in the anarchy
hypothesis. This could be another analysis worth pursuing in the future.
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Figure 7.2: Mass distribution for successful baryon asymmetry generation. The three different
flavor regions are separated by dashed black lines, while the coloring is displayed
in the figure legend. (A) Mass distributions for the texture sets in Tab. 5.1. (B)
Mass distributions for the anarchy cases.
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Anarchy with eV sterile neutrinos
We discussed two examples of sterile neutrinos with GeV or 1012 GeV masses and the conse-
quences of their introduction. Beside these scenarios, anomalous neutrino data reported by
LSND [202], MiniBooNE [203, 204], the Gallium experiment [205], and reactor anomaly [206],
suggesting the existence of eV sterile neutrinos. Since there is no decisive answer to the anoma-
lous neutrino data, additional experiments searching for eV sterile neutrinos have been proposed.
A major push in this direction is the Short Baseline Neutrino (SBN) experimental program at
Fermilab, which will have three detectors at different baselines in their experimental setup [207].
This means that they can make quite accurate measurements, thereby limiting the current al-
lowed eV sterile neutrino parameter space in the future. Considering there exist no final answer
to the anomalous neutrino data, we study the phenomenology of eV sterile neutrinos in this
chapter.
8.1 Method
We consider the anarchy hypothesis as origin of the Dirac and Majorana mass matrices, and we
follow Ref. [208] as our guideline. The authors of Ref. [208] consider the minimal setup with
two eV sterile neutrinos within the anarchy hypothesis and display distributions of the neutrino
masses, the active mixing elements, the active-sterile mixing elements, and the effective beta
decay mass. We consider the next-to-minimal setup with three eV sterile neutrinos and discuss
differences between the different scenarios.
Rather than relying on the seesaw formula, we consider the full neutrino mass matrix since this
method works even outside the seesaw limit, i.e. having a much larger Majorana mass matrix
than the Dirac mass matrix. The full neutrino mass matrix is given by
Mν =






= U6×6diag(m1,m2,m3,m4,m5,m6)(U6×6)† , (8.1.1)
where v is the Higgs VEV, DY = diag(y1, y2, y3) is the Yukawa matrix, MR = diag(M1,M2,M3)
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is the Majorana mass matrix1, VL,R are unitary matrices, U6×6 is the full mixing matrix, and
mi is the neutrino mass. We assume a neutrino mass hierarchy of m1 < m2 < ... < m6, and the
unitary matrices VL,R are distributed according to the Haar measure Eq. (4.4.1). The eigenvalues
of DY and MR are distributed according to [7, 209]
dMR ∝ |M23 −M21 ||M22 −M21 ||M23 −M22 |M1M2M3dM1dM2dM3 , (8.1.2)
dDY ∝ (y23 − y21)2(y22 − y21)2(y23 − y22)2y1y2y3dy1dy2dy3 , (8.1.3)
with the overall scales (y0 and M0) being unknown. They are not dictated by the formulas given









i ≤ M20 , fixing the overall scales y0 and M0 such that
m3 ≃ 0.05 eV and m6 ≃ 1 eV, respectively. This means M0 = 1.6 eV and y0 = 1.5 × 10−12,
similar to Ref. [208]. Beside considering the anarchy hypothesis using a linear measure for the
eigenvalues, we consider the Wishart method with N = 30 in addition. The Dirac and Majorana
matrices are obtained via Eq. (4.4.2), whereafter they are placed into the full neutrino mass
matrix Eq. (8.1.1). Thereafter, we obtain the neutrino masses and the active-sterile mixings for
the Wishart method.
8.2 Results
Our findings are displayed in Fig. 8.1, showing the mass distributions on the left side and the
flavored active-sterile mixings on the right side. Ensuring our method works, we reproduce
the results of Ref. [208]. Additionally, this result acts as our basis when computing the other
scenarios. Therefore, we must discuss the results more in-depth. With two sterile neutrinos only,
the lightest active neutrino is massless, meaning no distribution for m1 appears in Fig. 8.1A.
Again, the two unknown mass scales are used to fix the heaviest of the active and sterile neutrinos
to m3 ≃ 0.05 eV and m5 ≃ 1 eV, respectively, thereby narrowing the mass distributions. This
is compared to the board mass distributions of m2 and m4, even though there is no overlap
between the active and sterile neutrino mass distributions. Concerning the active-sterile mixing
distributions, they follow an universal distribution, i.e. the distributions are independent of
flavor. This is an interesting finding, however the flavored mixing elements can still have different
values in Nature.
Now, considering three eV sterile neutrinos in the anarchy hypothesis using a linear measure
for picking the mass eigenvalues, their mass distributions are shown in Fig. 8.1C. Obviously as




expected, the mass distributions for m2 and m3 become more peaked due to the non-zero m1
distribution, whereas the same occurs for the sterile neutrino mass distributions. Additionally,
one can obtain both a hierarchical and a degenerate mass spectrum for the active and sterile
neutrinos. Considering the active-sterile mixings, the distribution for the lightest sterile neutrino
is independent of flavor only, whereas the other distributions are different from each other.
Difficult to notice in Fig. 8.1D, the |Uµ5| distribution peaks at a larger value compared to the
|Ue5| and |Uτ5| distributions. For the heaviest sterile neutrino, it is the tau mixing element
distribution which peaks at a larger mixing element value compared the electron and muon
distributions. This suggest that the intermediate (heaviest) sterile neutrino mix more with the
muon (tau) flavor, even though there is no significant statistical preference for this claim.
Lastly, we consider three eV sterile neutrinos using the Wishart method. The mass distribu-
tions move closer to each other, and are more narrow for both the active and sterile neutrinos,
meaning a degenerate mass spectrum is more expected rather than a hierarchical spectrum for
the case of N = 30. Considering the active-sterile mixings, the distributions are, again, in-
dependent of flavor, i.e. there is an universal active-sterile mixing distribution for each sterile
neutrino. This is a direct prediction for the Wishart method, thereby distinguishing itself from
a linear anarchy method with 3 sterile neutrinos.
In general, the active-sterile mixing distribution for the lightest sterile neutrino has the largest
possible value, meaning experimental searches might discover it first or exclude parts of its
parameter space. Quite recently, IceCube has reported limits on the muon and tau mixing
elements in a combined fit [210], displaying the allowed parameter space. With limits of |Uµ4| ≃√
0.1 ≃ 0.34 for |Uτ4| = 0, one tends to constrain the upper part of the distributions, however
they are limited in excluding more of the distributions. This analysis is performed with one
sterile neutrino in mind, meaning introducing more sterile neutrinos would worsen their limits
due to more degrees of freedom. Therefore, the limits should be taken as a guideline when
studying two or three sterile neutrinos. Increasing the sensitivity by an order of magnitude
would cut right in the middle of the distributions, meaning nearly half of the parameter space
could be potentially excluded. This might be possible with the DUNE experiment [211], however
they assumed certain requirements such as CP-conservating δ24 and sin2 θ34 = 0.1 in order to
obtain a limit |Uµ4|2 ≃ sin2 θ24 ≤ 10−2. In a more general analysis, the limits might worsen,
meaning one cannot set as stringent limits on the active-sterile mixings.
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Figure 8.1: (Left) Mass distribution for the active and sterile neutrinos. (Right) The active-
sterile mixing of the sterile neutrinos. (Upper) Scenario with two eV sterile
neutrinos. (Middle) Scenario with three eV sterile neutrinos. (Bottom) Sce-




Flavor composition of astrophysical neutrinos
Exploring BSM physics indirectly with astrophysical neutrinos, acts as a different alternative to
the particle physics experiments considered previously in the dissertation. Astrophysical neutri-
nos come with a variety of different energies and baselines, making them ideal to study neutrino
oscillations under more extreme conditions (higher energies and baselines). Due to their low
cross section, means we can look into star’s interior and test propagational effects over cosmo-
logical distances. Therefore, they are perfect messengers to test BSM physics, and a possible
observable is the neutrino flavor composition. We obtain the theoretically allowed parameter
space expected from BSM physics, meaning a comparison to the experimental sensitivity of
future neutrino telescopes such as IceCube-Gen2 can be made. As a result, a large part of the
BSM parameter space can be excluded in the future.
9.1 Method
We explain our logic behind the method used in this chapter and apply it to standard neutrino
oscillations. This acts as our basis before we introduce the different BSM scenarios and investi-
gate their allowed theory parameter space. However, there are several uncertainties present in
describing the allowed neutrino flavor composition parameter space.
1. Each oscillation parameter is only known to a certain precision.
2. The initial (source) flavor composition is unknown.
3. Unknown theory parameters coming from the BSM scenarios.
We define a coherent approach in order to make a direct comparison among the theory parameter
space and the expected precision from future neutrino telescopes. Obtaining BSM parameter
space, we display, in principle, the whole allowed theory envelope without weighting certain
regions to be more or less likely.
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9.1.1 Neutrino mixing and oscillation parameter uncertainties
Neutrinos oscillate while traveling from the astrophysical source to Earth, see Section 3.2 for
description of neutrino oscillations. Considering astrophysical neutrinos, the distance is large
(roughly of astrophysical scale), meaning the neutrinos lose their coherence while propagating.
Therefore, the neutrino oscillation probability becomes[212]








This means that the flavor mixing is independent of the neutrino mass square differences, while
it depends on the mixing parameters θ12, θ23, θ13 and δ.
To obtain the allowed parameter space, we choose the neutrino oscillation parameters, however
they carry uncertainties themselves, leading to uncertainties in the neutrino flavor composition









where the best-fit and uncertainties are taken from Ref. [68], and we allow for an arbitrary value
of the CP-violating phase. Requiring χ2 ≤ 11.83 (99% confidence level (CL) for two-dimensional
fit), means we obtain the allowed set of neutrino oscillation parameters. Otherwise, we disregard
the set of oscillation parameters. Using this setup, we obtain the allowed neutrino flavor mixing.
Beside investigating the currently allowed parameter space, we are also studying the ex-
pected flavor composition parameter space allowed in the future. The volume upgrade IceCube-
Gen2 [213] is a proposed extension of IceCube with better detector capabilities, meaning a
better measurement of the neutrino flavor composition is possible. The expected sensitivity of
IceCube-Gen2 is obtained from Ref. [214] and assumes 15 years of data taking. At the start of
IceCubeGen2, the neutrino oscillation parameters are known to a higher precision. Therefore,
we define a benchmark “Gen2 scenario”, and we extrapolate that
sin2θ12 = 0.306± 0.002 , sin2θ23 = 0.441± 0.01 ,
sin2θ13 = 0.0217± 0.0005 , δ = 261◦ ± 15◦ , (9.1.3)
where the best-fit values are taken from Ref. [68]. The uncertainties are obtained in the following
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way: future neutrino oscillation experiments have been proposed, which are supposed to mea-
sure the neutrino oscillation parameters with higher precision. A possible first measurement of
δ would come from the DUNE experiment, together with a better measurement of θ23. It is esti-
mated that it will constrain these two parameter to σDUNEθ23 ≃ 1
◦ and δDUNE ≃ 15◦, respectively,
by 2027–2028 [173]. At a similar time (roughly 2026), the JUNO experiment would constrain
sin2(θ12) to σJUNOsin2 θ12 ≃ 0.003 [215, 216]. Assuring a common level for the oscillation parameters,
means we extrapolate them to the year 2030 by assuming that they scale ∝ 1/√exposure. Lastly,
we assume that the systematic uncertainty on θ13 from short baseline (SBL) reactor experiments
will dominate in the end. Therefore, we get a conservative estimate σSBLsin2(2θ13) = 0.0019 using the
current best measurement from the Daya Bay experiment [217]. As a sidenote, the oscillation
parameter δ enters in the χ2 (similar to θ12, θ13 and θ23) in the “Gen2 scenario”.
We display our results for normal neutrino mass ordering (∆m232 > 0) only. For standard
neutrino oscillations, we expect small changes for inverted mass ordering (∆m232 < 0) due to the
shift of the θ23 best-fit value from 40◦ for normal mass ordering to 50◦ for inverted mass ordering,
see e.g. Ref. [218]. Considering the BSM models, most of them have identical parameter space
for either mass ordering, except for two scenarios. The cases of neutrino decay and pseudo-Dirac
neutrinos change due to the best-fit value of θ23 is different for the inverted ordering.
9.1.2 Initial and final neutrino flavor composition
The initial neutrino flavor composition is essential for this study since it defines the allowed
range of the final flavor composition within the standard mixing framework. The initial flavor
composition of neutrinos and antineutrinos are given by ξα and ξᾱ, respectively. Usually their
sum ξα+ᾱ = ξα + ξᾱ is used since neutrino telescopes cannot distinguish between neutrinos and
antineutrinos. There are a variety of ideal neutrino production channels. The pion decay chain
with the initial flavor ratio (ξe+ē : ξµ+µ̄ : ξτ+τ̄ ) = (1/3 : 2/3 : 0) is the most used case. However,
the muon decay may be damped by magnetic field effects on the secondaries or enhanced to a
muon pile-up, leading to (ξe+ē : ξµ+µ̄ : ξτ+τ̄ ) = (0 : 1 : 0) [219] or (ξe+ē : ξµ+µ̄ : ξτ+τ̄ ) = (1/2 :
1/2 : 0) [220], respectively. Other possibilities considered in the literature include neutrino
production by neutron decay (1 : 0 : 0) [221] or charmed meson decays (1/2 : 1/2 : 0) [222] at
the highest energies.
From the examples shown above, no significant contribution of tau neutrinos is expected at
the source [223]. Due to the large tau lepton mass, it is difficult to produce tau neutrinos at
the source. If tau neutrinos are desired at the source, one must also explain its significant
contribution to the neutrino flavor composition. Energywise, it is more beneficial to produce
pions, kaons and muons at the source, resulting in a flavor composition given by a mixture of
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electron and muon neutrinos. Therefore, we parameterize the neutrino flavor composition at the
source as (ξe+ē : ξµ+µ̄ : ξτ+τ̄ ) = (x : 1− x : 0) with 0 ≤ x ≤ 1 (unless stated otherwise) to model
realistic source compositions. A different initial flavor composition points to BSM physics.





where ξβ+β̄,⊕ = ξβ,⊕ + ξβ̄,⊕ is the final (neutrino+antineutrino) flavor composition, and ξβ,⊕
(ξβ̄,⊕) define the final flavor composition of neutrinos (antineutrinos) only.
9.1.3 Theory model parameters
There are various theory parameters in the different BSM scenarios of either continuous or
discrete origin. Take, for example, the scenario of neutrino decay where the neutrino is an
unstable particle. In this scenario, there are 23 = 8 different cases (discrete possibilities), since
each mass eigenstate can be stable or unstable. Additionally, there are continuous parameters
such as their lifetimes and the branching ratios into lighter mass eigenstates.
Therefore, we scan over the continuous parameters in their allowed ranges, whereas we show
the impact of different discrete choices. In addition for several cases, we display the “com-
plete envelope” for all possible (discrete and continuous) parameter choices to show the allowed
parameter space, and later compare different theories with each other.
9.1.4 Graphical representation
We present our findings for standard mixing as shown in Fig. 9.1, where it is compared to the
current (left panel) and future (right panel) IceCube bounds. It displays the electron fraction
of the flavor composition along the bottom axis of the triangle, the muon fraction on the right
axis, and the tau fraction on the left axis. It varies from zero to one, meaning a specific flavor
could contribute nothing at all or solely to the neutrino flavor composition. Additionally, the
graphical representation ensures

α ξα+ᾱ,⊕ = 1, meaning two of the fractions are independent
only. The grey lines (not the IceCube contours) helps decipher the neutrino flavor composition
at a given point in the parameter space. Choosing a constant electron fraction from the bottom
axis, one must follow the grey lines parallel to the tau fraction axis to keep the electron fraction
constant. For a constant muon (tau) flavor, grey lines parallel to the electron (muon) fraction
axis have to be followed. Following this procedure, we deduce the best fit point of the currently
allowed IceCube bounds at (ξe+ē,⊕ : ξµ+µ̄,⊕ : ξτ+τ̄ ,⊕) = (0.5 : 0.5 : 0).
In the standard mixing case, the currently published data from the IceCube experiment can
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Figure 9.1: The expected flavor composition parameter space from standard neutrino mixing
(green shaded region) using current uncertainties (left) and our “Gen2 scenario”
benchmark scenario (right). The flavor contours are displayed in grey, showing
the 1σ, 2σ (omitted for IceCube-Gen2), and 3σ (2 d.o.f.) allowed regions given
by IceCube (current) [224] and IceCube-Gen2 (expected) [214], respectively. The
bestfit point is marked by a dot. Figure taken from Ref. [225].
exclude 2% of the parameter space at 99% CL, while IceCube-Gen2 will be able to exclude 73%
of the standard mixing region in the future1. The darker shaded green regions in Fig. 9.1 show
the parts of the parameter space outside the 3σ allowed contours.
Evidently from Fig. 9.1, IceCube is limited in constraining the theory parameter space. There-
fore, we show the “Gen2 scenario” only in the rest of the thesis. However, some models, such as
those including sterile neutrinos or non-standard neutrino production, have been derived with
dedicated models in the literature, making it difficult to extrapolate current uncertainties. In
these cases, which we explicitly point out, we use the current uncertainties. Hereafter, we discuss
the specific BSM physics and their impact on the neutrino flavor composition.
1Decomposing the flavor triangle into smaller triangles, means one can compute the parameter space area within
the IceCube-Gen2 region, allowing for an exclusion percentage estimate. Increasing the number of small
triangles, gives a more precise estimate.
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Figure 9.2: The neutrino flavor composition for source effects: non-standard neutrino pro-
duction (left), non-standard interactions (middle) and matter effect conversions
(right). Standard mixing is displayed by the green region, whereas the expected
(1σ, 3σ) IceCube-Gen2 flavor bounds are given by the grey contours. The best-fit
points are given by a dot. The “complete envelope” shows, in principle, the whole
allowed parameter space, and it is shown as the dashed contours. Figure taken
from Ref. [225].
9.2 BSM effects at the source
We discuss BSM effects at neutrino production or close to the source, namely non-standard
interactions and non-standard neutrino production (production of tau or sterile neutrinos). We
describe their impact on the neutrino mixing, and display the allowed neutrino flavor compo-
sition parameter space. Not BSM physics, matter effects can also influence the neutrino flavor
composition. Therefore, we also investigate this additional effect here.
9.2.1 Non-standard neutrino production
New production channels can occur due to BSM physics, leading to a significant amount of tau or
sterile neutrinos at the source. Introducing the tau neutrino flavor at the source within standard
neutrino mixing, we parameterize the initial flavor composition as (ξe+ē : ξµ+µ̄ : ξτ+τ̄ ) = (x : y :
1−x−y) with 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1−x, and use the method described previously. Considering
production of sterile neutrinos at the source, one must incorporate the sterile neutrino into the
method to obtain the allowed parameter space. We construct a 4 × 4 mixing matrix using the
parameterization
U4×4 = U23Ū13U12Ū14Ū24U34 , (9.2.1)
where Uij (Ūij) is a real (complex) rotation matrix in the ij plane. Assuming the oscillations
averages out, the flavor mixing becomes Pαβ =
4
i=1 |(U4×4)αi|2|(U4×4)βi|2, and the initial flavor
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composition is (ξe+ē : ξµ+µ̄ : ξτ+τ̄ : ξs+s̄) = (x : y : z : 1−x−y−z) with 0 ≤ x ≤ 1, 0 ≤ y ≤ 1−x
and 0 ≤ z ≤ 1 − x − y. However, our χ2 (Eq. (9.1.2)) depends on an unitary 3 × 3 mixing
matrix, meaning we must define a different procedure to control the oscillation parameters in











where the best-fit values and 1σ uncertainties of the PMNS mixing elements are taken from
Ref. [69]. Introducing new physics such as sterile neutrinos, means the mixing matrix becomes
larger than the usual 3×3 matrix. In turn, the PMNS mixing matrix is non-unitary since it is a
submatrix of the complete mixing matrix, and this will impact the allowed range on the PMNS
mixing elements. The authors in Ref. [69] preformed an analysis, constructing a χ2 depending
on the non-unitary neutrino oscillation and use neutrino oscillation data as input to constrain
the allowed range of the PMNS mixing matrix elements. We use their results to obtain the
parameter space allowed in cases with a sterile neutrino. Note that we did not extrapolate
the uncertainties to 2030 in this case. Our method gives results similar to those shown in
Fig. 3 of Ref. [226]. Using the enlarged mixing matrix and constraining its mixing elements via
Eq. (9.2.2), one obtains the allowed parameter space of this scenario.
From Fig. 9.2 left panel, the allowed parameter space is shown together with the standard
mixing expectation and compared to IceCube-Gen2 sensitivity bounds. Including tau neutrinos
at the source for standard mixing, affects the parameter space very little due to the large
θ23 mixing. However, a substantial amount of sterile neutrinos at production leads to clear
deviations from the standard mixing parameter space. Potentially, 93 % of the (currently)
allowed parameter space can be excluded by IceCube-Gen2.
9.2.2 Non-standard interactions at production
Higher dimensional operators might lead to effective non-standard interactions (NSIs), meaning
BSM physics occurs at production directly. Since neutrino production and detection are usu-
ally different, means this BSM scenario might affect either one or both. We discuss NSIs at
production, where the neutrino states are [227]
|νPα ⟩ = (1 + ϵP )UPMNS|νi⟩ and ⟨νDβ | = ⟨νi|U
†
PMNS , (9.2.3)
where |νPα ⟩ (⟨νDβ |) represents the neutrino at production (detection), |νi⟩ is the mass eigenstate,
UPMNS is the PMNS mixing matrix, and ϵP are the NSIs at production. Over astrophysical
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We consider complex production NSIs, requiring |ϵP | ≤ 0.1 as suggested by current experimental
constraints [227, 228], and we quantify the allowed neutrino oscillation parameters by Eq. (9.1.2).
Using this procedure, we obtain the flavor composition which is shown in Fig. 9.2 (middle panel).
As seen from the figure, given the current experimental data, small deviations are possible.
9.2.3 Constant matter effects close to source
Not necessarily BSM physics, matter effects [70–72] close to the source might affect the neutrino
flavor composition. It can, for instance, occur for hidden astrophysical jets [229–233]. Therefore,
we consider this standard mechanism as exceptional, since it couples standard neutrino mixing
with a special astrophysical environment. For simplicity, we consider a constant SM matter














where Ve = 2
√
2GFENe is the matter potential, GF is the Fermi coupling constant and Ne is the
electron density. We fix the neutrino energy to E = 100 TeV, and the mass square differences
are chosen from their 3σ ranges [68]. Due to constant matter effects, the flavor mixing simplifies
to
Pαβ (Lvac, Lm) = |⟨νβ|UPMNSe−iHvacLvacU †PMNSUme
−iHmLmU †m|να⟩|2 , (9.2.6)
where Hm = U †mHtotUm = 12Ediag(0,∆m
2




21,∆m232) and Lvac (Lm) is the distance in vacuum (matter). We use the procedure
described in Section 9.1 to obtain the neutrino oscillation parameters. Including decoherence

















We have no information about the matter distance, meaning an arbitrary Lm is allowed. How-
ever, in practice, we use the range Lm ∈ [0, 1010] km. The vacuum distance Lvac obeys
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Lvac ≫ Lcoh ≃ 2E/∆m221 ≃ 5 · 109 km to include decoherence, therefore we parameterize
Lvac = [10, 100]Lcoh. Ensuring decoherence, gives the lower limit. The upper limit can be
arbitrary, and changing it does not influence the flavor composition (we checked this numeri-
cally) in our study. We consider either θmatter12 = 45◦ or θmatter13 = 45◦ for a 100 TeV neutrino,
meaning we set the electron matter density equal to Ne = 2 · 1018 cm−3 or Ne = 8.7 · 1019 cm−3,
respectively. These electron densities are found in Gamma Ray Bursts (GRBs) and Supernovae
(SNe) at radii r ≈ 1012 cm [234–237], however they are fairly low compared to the Earth density,
NEarthe ≈ 1024 cm−3, and GRB/SNe core density, N coree ≈ 1033 cm−3. Additionally, we consider
θmatter23 = 45◦ using our method, but very little changes the flavor composition. Due to θ23 being
compatible with 45◦ in vacuum, means θmatter23 ≃ 45◦ in our case.
The allowed parameter space of the neutrino flavor composition is displayed in Fig. 9.2 (right)
for the two cases described above. Due to the fine-tuned value of Ne, the regions are smaller
than the standard mixing expectation, however they might slightly leave it.
Besides this result, we scanned for various values of Ne and computed the neutrino flavor
composition parameter space (not shown here). The result of the scans was the following: for
a low electron density, the standard mixing term dominates in the Hamiltonian Eq. (9.2.5),
leading to the standard mixing parameter space. Increasing the electron density, the parameter
space becomes a small circular region as in Fig. 9.2 due to the resonant behavior. Increasing the
electron density further, the matter term dominates, meaning no oscillations occur inside the
matter, i.e. they keep their flavor until they reach vacuum. Thereafter, they undergo standard
mixing, leading to the same parameter space as standard mixing. Therefore, a varying matter
density may alter the flavor composition, however it requires a resonant matter density and a
minimum matter width/distance [234] for matter effects to be important. Considering astro-
physical sources, one can define them as optically thin or optically thick. In the former (latter)
case, the neutrino is (not) accompanied by an electromagnetic counterpart. For optically thick
source, it is dense enough to satisfy the requirements given above, whereas it is not for optically
thin sources [235]. A source with a choked jet is a possible example, and it has been studied in
the context of GRBs [238, 239], SNe [240] and Active Galactic Nuclei (AGNs) [241, 242]. These
and other studies [229, 235] find a significant change in flavor composition due to matter effects.
Therefore, varying matter effects may considerably modify the flavor composition, whereas, as
in our case, a constant matter density has some effect.
9.3 BSM effects during propagation
There are many BSM scenarios which can affect the neutrino propagation, leading to a differ-
ent neutrino flavor composition parameter space. Scenarios includes pseudo-Dirac neutrinos,
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neutrino decay, quantum decoherence, mixing with sterile neutrinos during propagation, new
physics entering via effective operators, neutrino-DM interactions, and sterile neutrino shortcut
through extra dimensions. We describe them individually in each subsection and display the
allowed parameter space in Fig. 9.3.
9.3.1 Pseudo-Dirac neutrinos
Assuming neutrinos being Dirac particles, one must introduce sterile partners in order to write a
Dirac mass mD. The active and sterile neutrino mix maximally, but no oscillations occurs among
them since they have the same mass, i.e. their mass square difference is δm2 = 0. However,
assuming a small Majorana mass between the sterile neutrinos, i.e. MR ≪ mD, lifts the mass
degeneracy. This leads to the scenario of pseudo-Dirac neutrinos [243–245]. This example
can be generated by assuming lepton number being an approximate fundamental symmetry,
thereby fulfilling the condition MR ≪ mD. If neutrinos are pseudo-Dirac particles, the mass
square difference between the active and sterile neutrino pair is very small, and due to the
astrophysical baseline, neutrino telescopes can ideally constrain this scenario [246–248]. After
averaging the mass square differences ∆m221 and ∆m232, the flavor mixing in the pseudo-Dirac
scenario becomes [246]











where δm2j = (m+j )2 − (m
−




j ) being the heavier (lighter) of the active-sterile
neutrino pair j. Due to the smallness of δm2j , they do not (necessarily) averaged out over astro-
physical distances. We introduce three sterile neutrinos, meaning three δm2j s, however one or
several might be zero if the active and sterile neutrino have identical mass or one reduces the
number of sterile neutrinos. The mass square differences δm2j and the energy E are unknown,
however we choose E ∈ [10, 104] TeV and δm2j ∈ [10−17, 10−19] eV2, the range neutrino tele-
scopes can probe [248]. Additionally, the baseline is unknown, but we average over the baseline,








We require L≫ Lcoh ≃ 2E/∆m221 ≃ 5 · 109 km to average ∆m221 and ∆m232 out (requirement for
Eq. (9.3.1) to be valid). There are 23 = 8 different possibilities since we can either scan over the
mass square differences or set it equal to zero. Standard mixing is obtained if all mass square
differences are equal to zero. Therefore, we omit this specific scenario. The other remaining
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Figure 9.3: The allowed flavor compositions for six different BSM propagation effects. Stan-
dard mixing is displayed by the green region, whereas the expected (1σ, 3σ)
IceCube-Gen2 flavor bounds are given by the grey contours. The best-fit points
are given by a dot. The “complete envelope” shows, in principle, the whole al-
lowed parameter space, and it is shown as the dashed contours. Figure taken from
Ref. [225]. 99
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cases are represented using the disk notation (except one), where a filled disk corresponds to
sin2 = 0 and we scan for the mass square difference for an unfilled disk. For example, “❶②③”
means that sin2(δm21L/(4E)) = 0, and the other two sin2 ̸= 0. We do not show the disk notation
for the scenario ‘①②③” in the figure, but the complete envelope is given by this scenario since
all three mass square differences are present in the flavor mixing.
Our results are shown in the upper left panel of Fig. 9.3, including the envelope of all possible
scenarios. The figure demonstrates that large deviations from the standard mixing can be
expected.
9.3.2 Neutrino decay
In this subsection, we consider neutrinos being unstable particles, meaning they decay during
their propagation toward Earth. Neutrinos decaying incompletely into invisible decay products










where the rest frame lifetime τi of the νi mass eigenstate is boosted into the laboratory frame
by γ = E/mi. The baseline L and energy E are determined experimentally, and one usually
quotes τi/mi as the neutrino lifetime since the neutrino mass mi is unknown. The current limits
are the following: τ1/m1 & 105 s/eV for ν1 from SN1987A [250], τ2/m2 & 10−4 s/eV for ν2 from
solar neutrinos [251–254], and atmospheric and long-baseline neutrino oscillation data provides
τ3/m3 & 10−10 s/eV for ν3 [255]. Possible lifetimes of τ/m & 102 LMpc
TeV
E s/eV [256] might be
probed by neutrino telescopes.















U †PMNS , (9.3.4)
where standard mixing is given by the first term and neutrino decay is given by the second term.
We define λi = mi/τi, and an effective branching ratio between the j and i mass eigenstate is
given by Brj→i. Due to kinematics, the decay term is an upper triangular matrix (lighter mass
eigenstates can not decay into heavier mass eigenstates), whereas for inverted mass ordering, it is
a lower triangular matrix. We use Eq. (9.3.4) instead of Eq. (9.3.3), since the latter equation has
a shortcoming, namely the possibility of the heavier mass eigenstates repopulating the lighter
mass eigenstates. This is included in Eq. (9.3.4) by the off-diagonal elements in the second term.
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Setting the branching ratios equal to zero, one obtains Eq. (9.3.3) from Eq. (9.3.4). We scan in
the intervals ∆m221 ∈ [7.03, 8.09] · 10−5 eV, ∆m232 ∈ [2.41, 2.64] · 10−3 eV and E ∈ [10, 104] TeV









where Htot = V λ̃V †, V is an unitary matrix and λ̃ = diag(λ̃1, λ̃2, λ̃3) with λ̃i being real.
We require L ≫ Lcoh ≃ 2E/∆m221 to include decoherence effects, where Lcoh is the coherence
distance, however L can not exceed the Hubble distance, see Ref. [258] for explanation. There are
23 = 8 possibilities of neutrino decays, since either neutrino may be stable or not; intermediate
unstable states can be integrated out [259]. We investigate seven cases out of eight possible since
one obtains standard mixing when all neutrinos are stable. We use the disk notation again, for
instance, “❶②③” means ν1 stable and ν2, ν3 unstable. Possible scenarios and branchings for
the different mass orderings are discussed in Ref. [259].
In Fig. 9.3 upper left, the expected flavor composition for each neutrino decay scenario is
shown. The complete envelope is generated by assuming all neutrinos being unstable, however
they cannot decay completely since an astrophysical neutrino flux is seen at Earth. Roughly
85% of the complete neutrino decay envelope can be excluded by IceCube-Gen2.
Considering a comparison between neutrino decay and pseudo-Dirac, shows they generate
the same envelope in the neutrino flavor composition parameter space. Essentially, Eq. (9.3.1)
looks similar to Eq. (9.3.3) with [1 − sin2(δm2iL/(4E))] = exp(−Lmi)/(Eτi). Therefore, a
specific set of parameters for neutrino decay and pseudo-Dirac will generate the same flavor
composition. Scanning over different parameters, means one obtain the same complete envelope
for both scenarios. While we use Eq. (9.3.4) for decay, due to marginalization of decay rates
and branchings, averaging the flavor mixing over astrophysical distances, and the off-diagonal
elements in the decay term being smaller than the diagonal elements, i.e. |λi| ≥ |λiBri→j |,
means re-occupations of mass eigenstates are equivalent to use Eq. (9.3.3) with lower decay rates.
Therefore, one reproduces the same parameter space for the decay and pseudo-Dirac cases, even
though we use Eq. (9.3.4) instead of Eq. (9.3.3).
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9.3.3 Quantum decoherence







2 − |Uα2|2)(|Uβ1|2 − |Uβ2|2)e−2ΨLE
n
+ 16(|Uα1|
2 + |Uα2|2 − 2|Uα3|2)(|Uβ1|2 + |Uβ2|2 − 2|Uβ3|2)e−2ΓLE
n
, (9.3.6)
where Ψ and Γ are quantum decoherence parameters. The energy dependence of the specific
model is given by n, and usual values are n = −1, 0, 2 [263]. Interestingly, quantum decoherence
can occur as a high energy effect such as a remnant of a quantum theory of gravity. Rather than
choosing a specific model with its theory parameters, we choose the exponential factors between
zero and one together with mixing elements constrained by Eq. (9.1.2). In Fig. 9.3 upper right
corner, we display the allowed parameter space. Evidently, it generates a similar envelope as
standard mixing, meaning it is difficult to distinguish them. However, quantum decoherence
might produce interesting energy-dependent effects, as we will discuss later.
9.3.4 Sterile neutrinos
We consider mixing between active and sterile neutrinos during their propagation and the impact
on the flavor composition. Using the same method as in Section 9.2.1, we restrict the initial
flavor composition to be a mixture of electron and muon neutrinos. From this procedure, we
obtain the allowed parameter space shown in the middle left panel of Fig. 9.3. This region is
significantly larger than the standard mixing region, and IceCube-Gen2 can exclude 86% of it.
As a sidenote, we use the current bounds on the mixing matrix elements, meaning the region
will slightly shrink in the future.
9.3.5 Effective operators
New physics may originate from higher-dimensional effective operators in a high-energy scale
theory. Due to the general method of effective operators, possible new physics examples includes
Lorentz and CPT violation, non-standard neutrino interactions, and neutrino-DM interactions














ŨnOdiag(On,1, On,2, On,3)Ũ †n
= V diag(∆1,∆2,∆3)V † , (9.3.7)
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where V is the mixing matrix that diagonalizesHtot and On,i ∼ O(1) for i ∈ [1, 3]. We choose n =
1 since the lower terms are more relevant in a renormalizable quantum field theory, i.e. (E/Λn)≪
1 for every n. We choose Ũ1 in a parameterization-independent way (similar to the anarchy
hypothesis), meaning we obtain the whole allowed parameter space. Current neutrino oscillation
data gives an upper limit on the effective operator coupling strength O ∼ 10−23 GeV [265, 266].
We study three specific cases:
• Coupling strength O ∼ 10−23 GeV with Λ1 = 1 TeV
• Coupling strength O ∼ 10−26 GeV with Λ1 = 35 TeV
• Coupling strength O ∼ 10−28 GeV with Λ1 = 2 PeV
The first case represents the current limit, whereas the latter two cases are interesting since new
physics is similar in magnitude as the mass term in the Hamiltonian with a neutrino energy of
E = 35 TeV and E = 2 PeV, respectively [264]. This means one can investigate whether IceCube-
Gen2 can set stronger limits on the coupling strength for the measured neutrino energy range.
The flavor mixing depends on the matrix V since it diagonalizes the Hamiltonian, meaning
Pαβ =
3
i=1 |Vαi|2|Vβi|2 for this BSM scenario.
In Fig. 9.3 middle right, the effective operator parameter space is shown for different cases.
Almost everything is covered, except the ντ corner. This is due to an unitary V and excluding
the initial tau flavor composition. If one allows for tau neutrinos at the source or a non-unitary
V , the lower left corner is probed [264]. Nearly 94% of the complete envelope can be excluded
by IceCube-Gen2.
9.3.6 Interaction with dark matter
Neutrinos might interact with dark matter (DM) when propagating from the source to Earth.








U †PMNS + V , (9.3.8)
where Vαβ = λαβGFNχ describes the interaction between neutrinos and DM, λαβ is a Hermitian
matrix containing the ±O(1) coupling between neutrinos and DM, GF is the Fermi constant,
and Nχ is the dark matter number density, which is related to the energy density by Nχ =
ρDM/mDM. We use the Navarro-Frenk-White (NFW) DM distribution for ρDM, and it is given
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by ρNFW(r) = ρDM(r, 20 kpc, 1, 3, 1) [268, 269] with the general parameterization








Spherical symmetry is assumed in the derivation, and r = 0 corresponds to the Galactic Center
(GC). The solar system is roughly r⊕ = 8.5 kpc from the GC, and several studies show ρ⊕ =
0.4 GeV/cm3 [270–272]. Most dark matter distribution profiles are described using the distance
from the GC to the neutrino, however we are not sitting in the GC. Therefore, we relate this
distance to the line of sight distance l and the angle φ with respect to the solar system via
r2 = r2⊕ + l2 − 2r⊕l cosφ. We scan for the ranges φ ∈ [π/2, π] and l ∈ [0, 20] kpc, ensuring
decoherence effects. The flavor mixing depends on these two quantities
Pαβ = |⟨νβ|Πni=1Uf (li, φ)|να⟩|2 = |⟨νβ|Πni=1U(li, φ)e−iHdiagliU †(li, φ)|να⟩|2 , (9.3.10)
where Uf (li, φ) = U(li, φ)e−iHdiagliU †(li, φ) is the transportation matrix and Hdiag =
U †(li, φ)HtotU(li, φ) = 12Ediag(0, (∆m
2
21,eff)i, (∆m232,eff)i). Here, i is the specific timestep in our
computation of diagonalizing the Hamiltonian, whereas n defines the total number of timesteps.
According to Ref. [267], the flavor mixing simplifies since the neutrino propagation is adiabatic,
meaning
Pαβ = |⟨νβ|U(0, φ)e−iHdiaglU †(l, φ)|να⟩|2. (9.3.11)
By scanning for different distances and angles, the allowed flavor composition is computed, and
the flavor composition for this case is shown in Fig. 9.3 (lower left panel) for various neutrino-
DM coupling strengths. This BSM effect is unique since it is the only scenario covering the
entire flavor triangle.
Comparing this scenario to the effective operator case, seems interesting since they, phe-
nomenologically speaking, look similar at first sight. Adding a potential governing the new
physics, means one can generate the allowed theory envelope. However, the two scenarios oc-
cupy different percentages of the whole parameter space. It should be understood the following
way: the DM density varies as a function of distance from the GC, whereas the potential is
constant for the effective operator case. If the potential in the DM scenario is constant, the
parameter space becomes the same as for the effective operator parameter space.
Additional information can be derived for this scenario using the arrival direction of the
neutrinos. Many DM density profiles expect a higher density at the GC, whereas one have
a lower density far away from the GC. In turn, one expects larger deviations in the flavor
composition when looking towards the GC. Therefore, one can, in principle, discriminate this
104
9.3 BSM effects during propagation
model by investigating the arrival direction.
9.3.7 Sterile neutrino shortcut through extra dimension
Extra dimensions are introduced in many string-like BSM models, and it embeds a four di-
mensional (time + spatial dimensions) brane in an extra-dimensional bulk [273–278]. The SM
particles are confined to the brane by the SM’s symmetries, whereas any singlet particle, i.e.
sterile neutrino, may travel off the brane, thereby changing the flavor composition. The line
element is given by [279–281]
ds2 = dt2 −
3
i=1
η2(u)(dxi)2 − du2 , (9.3.12)
where the extra dimension is given by u, and η2(u) describes the brane’s embedding in the
bulk. Having a flat brane embedding, means the geodesics of the sterile and active neutrinos are
the same. However, a curved brane embedding, results in a different trajectory for the sterile
neutrino. In turn, its dispersion relation is altered, meaning the sterile neutrino will experience












δm2 cos(2θ)/(2ϵ) denotes the resonance energy. Here δm2 is the mass square
difference in vacuum between the sterile and active neutrino state, θ is the active-sterile mixing
angle in vacuum and ϵ is the shortcut parameter, ϵ = δt/t, defined as the normalized difference
of propagation times on the brane and in the bulk. This scenario leads to an energy-dependent
mixing matrix, namely E ≫ Eres and E ≪ Eres resembles standard mixing if no significant
mixing between the active and sterile state occurs, whereas the PMNS mixing matrix becomes
non-unitary for E → Eres (we discuss this feature in detail later). With this in mind, we compute
the flavor composition at E = Eres, meaning θ̃ = 45◦, to investigate the maximal impact for this
scenario.
We follow Ref. [282], which assumes that the active-sterile mixing angles in a four neutrino
framework are described by Eq. (9.3.13), and we adopt their scenarios only. Therefore, this is
a conservative estimation of the allowed parameter space for this scenario, whereas one must
describe this effect by a 4 × 4 Hamiltonian to begin with in order to obtain the complete
parameter space in a four neutrino framework. However, at least to our knowledge, there is
no such Hamiltonian available in the literature. Again, we set E = Eres to study the maximal
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impact on the flavor composition, meaning the active-sterile mixing angles are θ̃ = 45◦. If
E ̸= Eres, then θ̃ is computed by Eq. (9.3.13) and depends on θ, similar to Ref. [282]. We use
Eq. (9.1.2) to constrain the neutrino oscillation parameters, and we parameterize the mixing
matrix as U4×4 = U23Ū13U12Ū14Ū24U34. We investigate two cases taken from Ref. [282], where
θ̃ refers to the mixing angle including the extra dimension shortcut:
• Sterile neutrino mixes with the electron and muon neutrino at the same strength, i.e.
θ̃14 = π/4, θ̃24 = π/4 and θ̃34 = 0.
• Sterile neutrino mixes with the muon and tau neutrino at the same strength, i.e. θ̃14 = 0,
θ̃24 = π/4 and θ̃34 = π/4.
In the lower right panel of Fig. 9.3, the parameter space of these two cases shows large deviations
from standard mixing, and it is possible for IceCube-Gen2 to exclude 80% of the combined
parameter space of these two cases. Additionally, we tested other cases with effective maximal
mixing between the sterile neutrino and all of the active ones. It produces even larger flavor
composition deviations, however, given the effective two-flavor description used in our method,
these cases might not be true when implemented in a four neutrino framework (see Section 9.9
for further discussion).
9.4 BSM effects at detection
Lastly, we consider BSM physics near or close to the detector in this section. Examples includes
NSIs at detection and Earth matter NSIs, and we investigate their allowed neutrino flavor
composition parameter space.
9.4.1 Non-standard interactions in Earth matter
Transversing Earth, neutrinos experience matter effects before they are detected, however it
is neglectable for TeV neutrinos (more important for GeV neutrinos due to the high electron
density) [283]. However, NSIs in Earth matter is possible, and it alters the flavor composition.











where GF is the Fermi coupling, Ne(r) is the electron density at distance r and ϵαβ are di-
mensionless parameters encoding the deviation from standard interactions. They are given by
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Figure 9.4: The allowed flavor composition parameter space for non-standard interactions in
Earth matter (left panel) or at detection (right panel). Standard mixing is dis-
played by the green region, whereas the expected (1σ, 3σ) IceCube-Gen2 flavor
bounds are given by the grey contours. The best-fit points are given by a dot. The
“complete envelope” shows, in principle, the whole allowed parameter space, and
it is shown as the dashed contours. Figure taken from Ref. [225].
ϵαβ = ϵeαβ+Yuϵuαβ+Ydϵdαβ [284], where Yu = 3.051 (Yd = 3.102) is the average up-quark/electron





αβ are the individual NSIs involving the electron, up-quark and down-quark, respec-
tively. The electron NSI (ϵeαβ) is omitted since it enters the complete NSI ϵαβ and the neutrino
cross section, meaning it is difficult to determine its origin. We assume the individual NSIs
being complex, and the current constraints on the real part of ϵuαβ and ϵdαβ are summarized in
Ref. [284]. We vary the real part within their 3σ allowed range and multiply it with an arbitrary
complex phase factor. The flavor mixing over astrophysical distances from the source to the
detector is given by Ref. [286], which we marginalize over all possible trajectories through Earth
matter.
Our result is shown in Fig. 9.4, left panel. In this case, a relatively large region of the parameter
space is covered, however it depends on the trajectory through Earth matter. Therefore, the
allowed region has to be interpreted in a zenith-angle-dependent way, meaning one can, in
principle, distinguish it from other BSM scenarios. However, we consider this beyond the scope of
this work, and we recommend the reader to the original work Ref. [286]. Additional information
comes from different directions since neutrinos propagating through Earth experience matter
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NSIs, whereas neutrinos coming directly above the neutrino telescope would not experience this
effect. Therefore, comparing the neutrino flux from different directions (such as up-going versus
down-going) is vital when studying this BSM scenario.
9.4.2 Non-standard interactions at detection
The neutrino states with NSIs at detection are given by [227]




where |νPα ⟩ (⟨νDβ |) represents the neutrino at production (detection), |νi⟩ is the mass eigenstate,
UPMNS is the PMNS mixing matrix and ϵD represents the NSIs at detection. Similar as in
Subsection 9.2.2, the flavor mixing is Pαβ =

i |J iαβ|2, however now with




(note the difference in indices compared to NSIs at production). We assume |ϵD| ≤ 0.1, similar
to in Section 9.2.2, and the neutrino oscillation parameters are constrained by χ2. Our findings
are given in the right panel of Fig. 9.4, showing a larger parameter space than that of production
NSI. The production effect acts similar to a different initial flavor composition, and it averages
out over astrophysical distances, meaning it has less impact on the flavor composition compared
to detection NSI. IceCube-Gen2 can exclude 89% of the allowed parameter space.
9.5 Discrimination by flavor
Considering all BSM scenarios investigated, we compare their allowed parameter space for source
(left panel), propagation (middle panel), and detection (right panel) effects in Fig. 9.5. Large
deviations from the standard mixing expectation are possible, and examples include: νs produced
at the source, dark matter interactions, effective operators and non-standard interactions in
Earth matter. Note that some effects, such as non-standard interactions in Earth matter and
dark matter interactions, provide arrival direction information, which can constrain the allowed
parameter space further. Additionally, only the dark matter interactions scenario occupies the
lower left corner of the flavor triangle.
In Tab. 9.1, we estimate the parameter space exclusion by IceCube and IceCube-Gen2 at
3σ CL. It is possible to exclude 42% of the parameter space by current constraints, however
it is expected to be 96% in the future. Reading off the table, IceCube-Gen2 excludes a large
fraction of the following BSM parameter spaces: ν-DM interaction, effective operator, significant
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Figure 9.5: Complete flavor composition parameter space for source (left panel), propagation
(middle panel), and detection BSM effects (right panel), showing the complete
envelopes for all scenarios. Standard mixing is displayed by the green region,
whereas the expected (1σ, 3σ) IceCube-Gen2 flavor bounds are given by the grey
contours. The best-fit points are given by a dot. Figure taken from Ref. [225].
non-standard neutrino production and Earth matter NSIs. In the other end of the spectrum,
scenarios with a low exclusion percentage include standard mixing, quantum decoherence and
constant matter effects. As a sidenote, IceCube-Gen2 is capable to constrain the initial flavor
composition considerably in the standard mixing scenario.
Disentangling the different scenarios using flavor is interesting since it tells the percentage of
discriminating between two BSM parameter spaces. The parameter space overlap is presented
in Tab. 9.2, where “data” represents the true scenario in nature and “theory” represents our
perception of nature. It should be understood the following way with this example. Considering
standard neutrino mixing to be correct, means we can compare its parameter space to that of
the effective operator scenario. The discriminating percentage is 0% since the standard mixing
parameter space lies within the effective operator parameter space. Considering the opposite
situation, results in a discriminating percentage of 96% because the parameter space of standard
mixing covers only a small fraction of the effective operator parameter space. This supports the
table being asymmetric since either a large or small parameter space is predicted for the different
scenarios. As seen in Tab. 9.2, it is very asymmetric. Some cases with a high discriminating
factor include: standard mixing vs. ν-DM interaction, constant matter effects vs. decay, and
quantum decoherence vs. effective operators2, meaning one can, at least in principle, distinguish
between them.
2The former cases (standard mixing, constant matter effects and quantum decoherence) represent the test
scenarios, and we analyze them against the true cases (ν-DM interaction, decay and effective operator),
respectively.
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Scenario Exclusion by IceCube Exclusion by IceCube-Gen2
Complete flavor triangle 42% 96%
Standard mixing 2% 73%
Non-standard neutrino production 17% 93%
NSI at production 5% 84%
Matter effects 0% 71%
Pseudo-Dirac neutrino 14% 85%
Decay 14% 85%
Quantum decoherence 2% 73%
Sterile neutrino 10% 86%
Effective operator 36% 94%
Interaction with DM 42% 96%
Shortcut through extra dimension 11% 80%
NSI in Earth matter 30% 92%
NSI at detection 11% 89%
Table 9.1: Parameter space percentage excluable at 3σ by IceCube and IceCube-Gen2. In this
table, the complete envelope acts as the parameter space, meaning not individual
sub-parameter spaces have been considered. Table taken from Ref. [225].
A different visualization of Tab. 9.2 is shown in Fig. 9.6 where the discrimination percentage
is given as a fraction of 100 % (colored legend on the right). Similar as in Tab. 9.2, the row gives
the true scenario (“data”), and the column represents our perception of nature (“theory”). A
darker (lighter) shading of blue means a higher (lower) discrimination percentage between the
scenarios. Take the same example as given in the previous paragraph, namely standard neutrino
mixing and the effective operator case. The former (latter) case has a small (large) parameter
space, meaning it is difficult (easy) to distinguish between the scenarios when the former (latter)
case is the true case. Obviously in the opposite situation, the words difficult and easy change
when replacing the word true with test in the previous sentence. Therefore, standard mixing
has a light row and dark column, whereas the effective operator case has a dark row and a light
column. Considering half-dark squares, means partially overlapping parameter spaces. This
gives a discriminating percentage of 50%, and it is independently of the choice of true scenario.
This possibility can be compared to the extreme cases studied previously. No comparison is
possible for the diagonal elements (symbolized by pink color and x symbol across the matrix
element).
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Chapter 9 Flavor composition of astrophysical neutrinos
Figure 9.6: Different visualization of Tab. 9.2 with “data” referring to the scenario imple-
mented by Nature, and “theory” to the model to be discriminated. The dis-
crimination percentage is given as a fraction of 100%, where a darker (lighter)
shading means a higher (lower) discrimination percentage between the scenarios.
Abbreviations: Quantum decoherence (QD), non-standard neutrino production
(NS neutrino prod.), sterile neutrino shortcut through extra dimensions (neutrino
shortcut). Figure taken from Ref. [225].
9.6 Discrimination by energy dependence
It is possible for energy-dependent imprint in the neutrino flavor composition, and some specific
cases reveals their BSM effect via the energy. Therefore, we study the flavor composition at
three different energies [214]: 10 TeV, 100 TeV, 1000 TeV (potential capability of IceCube-
Gen2), and we choose neutrino decay, quantum decoherence, effective operators and neutrino
shortcuts through the extra dimension as examples. We fix all theory parameters, see Tab. 9.3
for the chosen parameter values, to investigate the energy dependence of these scenarios, and
our findings for these four scenarios are presented in Fig. 9.7.
Strongest at lower energies, the effect of neutrino decay influences the flavor composition due
to the low Lorentz factor, whereas standard mixing is approached for higher energies. At high
energies, the effective operator case shows large flavor composition deviations, whereas for quan-
tum decoherence, it depends on the chosen energy scaling. In our case, quantum decoherence
appears at high energies. Considering the energy scaling ∼ e−2κLEn with n = 1 for quantum
decoherence, means effects appear at low energies. Shortcuts through extra dimensions are an
example for a resonant effect present in a particular energy range, but the details (where the
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Figure 9.7: Energy-dependence of the flavor composition parameter space for four specific BSM
models using the theory parameters in Tab. 9.3. Given the standard mixing pa-
rameter space in the previous figures, one notice it coincide with the red contour for
neutrino decay, the red contour for quantum decoherence, the purple contour for
effective operator and the red/purple contour for sterile neutrino shortcut through
extra dimensions. Figure taken from Ref. [225].
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Scenario Input parameters
Decay λ2 = λ3 = 100 s/eV, Br3→1 = Br3→2 = 0.4, Br3→I = 0.2
Br2→1 = 0.8, Br2→I = 0.2, λ1 = 1000 s/eV, Br1→I = 1
χ2 ≤ 11.83, L = 100 Mpc
Quantum decoherence Γ = 3 · 10−39 GeV2, Ψ = 5 · 10−39 GeV2,
L = 100 Mpc, χ2 ≤ 11.83,
Chosen energy scaling: e−2κLE−1 where κ ∈ [Γ,Ψ]
Effective operator O = 9 · 10−27 GeV, Λ = 100 TeV,
n = 1 operator, χ2 ≤ 11.83,
Shortcut through extra dimension θ14 = 0, θ24 = θ34 = 10◦, δ24, δ34 ∈ [0, 2π] ,
χ2 ≤ 11.83, Eres = 100 TeV
Table 9.3: Input parameters used in this section to investigate the energy dependence of the
four different scenarios chosen. Table taken from Ref. [225].
transitions occur) depend on the chosen model parameters. All of these examples demonstrate
the additional information coming from energy-dependent effects, which, in turn, can be used
to study the BSM scenarios further.
9.7 Discrimination by Glashow resonance
The Glashow resonance, ν̄e + e− → W− → (anything), at Eν = m2W /(2me) ≃ 6.3 PeV [287]
is a different tool to distinguish among BSM scenarios, and the number of Glashow resonance
events is an indicator for the electron antineutrino contribution to the total flux
G = ξē,⊕
ξe+ē,⊕ + ξµ+µ̄,⊕ + ξτ+τ̄ ,⊕
. (9.7.1)
The BSM scenarios alter the neutrino flavor composition, thereby altering the allowed range
of G, making a possible comparison among the standard mixing expectations and the BSM
scenarios interesting. Additionally, the Glashow resonance can potentially discriminate between
pp and pγ interactions, indicating the neutrino source as starburst galaxies (pp) or AGNs/GRBs
(pγ), respectively [288]; for a critical discussion see Ref. [289].
We compute every scenario again with an arbitrary initial electron/muon neutrino flux and
neutrino-antineutrino composition in the spirit of the work, separating the flavor mixing into
two channels, one for particles and the other for antiparticles. This means we get ξβ,⊕ and
ξϵ̄,⊕ rather than ξβ+β̄,⊕, thereby obtaining the allowed range of G. For one scenario (NSIs in
Earth matter), special attention is needed since neutrinos and antineutrinos experience different
matter potentials due to the present of electrons (and not positrons) in Earth, see Ref. [286]
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Figure 9.8: Standard mixing (red band) for the electron antineutrino fraction for an arbitrary
flavor and neutrino-antineutrino composition at the source, in comparison to the
ranges for different BSM scenarios and constant matter effects (bars). Figure taken
from Ref. [225].
for further details. We apply the IceCube-Gen2 contours as a constraint, excluding parts of the
parameter space by flavor discrimination, and thereafter obtaining the range for G. In Fig. 9.8,
the allowed range of G is shown as a blue bar for the different scenarios, while the overlapping
red shaded band displays the allowed range for standard mixing. There is no lower bound on G
since the neutrino-antineutrino composition at the source is unknown, however a lower bound
appears if this quantity is fixed. Evidently from the figure, the additional information from the
Glashow resonance is limited compared to the flavor information. However, more events are
predicted for some BSM scenarios, meaning it is a clear signature compared to the standard
mixing prediction.
9.8 Discrimination by direct tau neutrino detection
The best known signatures of tau neutrino events are double bang [290], lollipop [291, 292] and
double pulse [293], however other methods [294] to tag tau neutrinos can also be used. An
immense experimental effort has gone into discovering a tau neutrino event, but no signal has
been detected yet. However, as seen in Fig. 9.5, a large tau flavor composition is allowed, even
after applying the IceCube-Gen2 contours as a constraint. Therefore, we present the tau flavor
composition in Fig. 9.9 separately and discuss it in detail here. The allowed range of standard
mixing is shown as the red band, and it has a lower bound since we consider ξτ+τ̄ ,⊕ rather than
ξτ,⊕ or ξτ̄ ,⊕. The blue bars represent the different scenarios, and there are clear deviations in
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Figure 9.9: The allowed range of the tau flavor composition fro standard mixing (red band)
compared to the range allowed for the other scenarios (blue bars). Due to large
deviations, this additional information helps constraining the parameter space fur-
ther. Figure taken from Ref. [225].
the tau flavor composition in comparison to the standard mixing predictions.
Recently, the IceCube Collaboration has presented a search for tau neutrinos among the high-
energy starting track sample [295], and as a result, they expect to identify 2 tau neutrinos
within 6 years of IceCube data. Non were found, however, using this expectation, we can scale
the amount of possible tau neutrino events to the IceCube-Gen2 scenario. The event rate of
IceCube-Gen2 is about 10 times that of IceCube for a contained event sample of 200 TeV [214],
meaning 45 tau neutrino events are expected for a IceCube-Gen2 lifetime of 15 years (years
needed for the IceCube-Gen2 flavor contours). This gives a relative error of 15%, meaning
it is possible to measure large deviations coming from the BSM scenarios. The number of tau
neutrino events from BSM scenarios are obtained using the 45 tau neutrino events expected from
standard mixing and the flavor composition shown in Fig. 9.9. From this, one can constrain the
flavor composition parameter space further.
9.9 Discussion and outlook
In our computation of the allowed parameter space, we derived the parameter space under
certain assumptions. Considering non-standard interactions at production and/or detection,
a mediator might govern this effect. For a specific mass range of this mediator, one cannot
integrate it out, meaning one must take it into account in a full calculation. This could influence
the neutrino flavor composition. Considering the sterile neutrino shortcut scenario, assumptions
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were also made. The active-sterile mixing angle was parameterized as given in the two-flavor
framework, meaning we had to assume that the sterile neutrino was mixing maximally with the
electron/muon or muon/tau flavors only. To make improvements in the future, one has to start
with the 4× 4 Hamiltonian governing this effect, thereby omitting the assumptions made in our
calculations. As a result, one obtains the general allowed neutrino flavor composition parameter
space.
In this chapter, we considered the neutrino flavor composition only, however one could in-
corporate other observables to the analysis in order to constrain the BSM scenarios further.
Introducing a ultralight scalar DM (mDM ∼ 10−23 eV), neutrino-DM interactions can affect the
neutrino flux by enhancing or suppressing it [296].
In our analysis, we considered the neutrino telescope IceCube/IceCube-Gen2 only. IceCube’s
main competitor, the KM3NeT experiment, will have a low-energy (ORCA) and a high-energy
(ARCA) component, meaning they are capable of making the same research as the IceCube
Collaboration. Combining the results from each neutrino telescope, means the size of the flavor
contours would (probably) be reduced. Other experiments such as radio telescopes can also
provide additional input to this discussion. There are several experiments which can provide
additional information about a specific BSM scenario. As mentioned earlier, Fermilab want
to investigate the existence of an eV sterile neutrino. Combining their results together with
the IceCube-Gen2 contours, means even stronger limits on the active-sterile mixings. These
examples show that there are complementary among many different experiments, which each
provides information to the analysis. Therefore, combining the various limits, results in the





The SM of elementary particle physics is quite successful, however it cannot explain several
observed phenomena such as neutrino mass, dark matter, and the baryon asymmetry. Intro-
ducing physics beyond the SM, provides possible explanations for these phenomena, and one
must investigate, both theoretically and experimentally, the new physics signals in order to con-
strain/exclude possible BSM extensions of the SM. In this dissertation, we studied various BSM
scenarios and their phenomenological consequences.
We used a model-independent and model-dependent approach to predict the active-sterile
mixings of GeV sterile neutrinos in the context of neutrino mass models. The predictive power
is limited in generic approaches, while the predictability increases for symmetry-generated mod-
els since it (usually) introduces less theory parameters in comparison to generic approaches.
As a result, we find no preference for refind active-sterile mixing in the model-independent ap-
proach, whereas ratios among the flavored mixing elements appear in the symmetry-generated
neutrino mass models. Therefore, we encourage the experimental collaborations to study both
the flavored and total active-sterile mixings since the refined mixings act as a model discrim-
inator. Futhermore, we discussed the current experimental bounds and future sensitivities to
GeV sterile neutrinos since we have encounted subtleties in their interpretation, and we have
highlighted the importance to compare them under equal assumptions.
A different possibility of generating neutrino masses is possible. Not necessarily experimentally
accessible, sterile neutrinos with GUT scale mass can be the origin of the baryon asymmetry
via thermal leptogenesis in addition to generating small neutrino masses. A resonant variant
is probed by the LHC experiment, however a highly fine-tuned mass degeneracy is needed to
generate successful leptogenesis. This can be compared to the conventional scenario studied
in the literature, where the lightest sterile neutrino contributes to the baryon asymmetry only
and its mass is near the GUT scale. This simplifies the computation considerably since there
are less theory parameters involved, and we use this method. We consider structured neutrino
mass models, which was not derived under the assumption of generating successful leptogenesis,
and we compare the mass distribution predictions to that of the anarchy hypothesis. As a
result, the structured (structureless) mass matrices generates a broad (peaked) mass distribution.
Chapter 10 Conclusion and outlook
Considering this simplified calculation, one could consider a scenario with all sterile neutrinos
contributing to the baryon asymmetry in the future.
The two previous scenarios concerning sterile neutrinos are originating from theoretical mod-
els, and there is no experimental evidence supporting these models. There are, however, anoma-
lous signals in the neutrino oscillation data, suggesting the existence of eV sterile neutrinos.
With this in mind, we study the introduction of eV sterile neutrinos in the context of the
anarchy hypothesis. Our method is consistent with previous analyses, which shows universal
active-sterile mixing distributions in the case with two sterile neutrinos. Going beyond this case,
we consider a scenario with three eV sterile neutrinos, resulting in non-universal active-sterile
mixing distributions when the Dirac/Majorana mass matrices are picked from a gaussian distri-
bution. Requiring the mass matrices are given by random matrices squared, the distributions
become universal again, meaning there is a clear difference between the two methods used in
this scenario.
In neutrino mass modeling, we consider Abelian symmetry-generated mass matrices. These
models cannot explain the control parameter value (ϵ ≃ 0.2) from first principles. Considering
non-Abelian symmetry groups, a complete quantizing of the full mixing matrix is possible. We
applied a bottom-up reconstruction procedure to find non-Abelian finite groups GQ capable of
quantizing Cabbibo mixing to leading order in the quark sector. It complements “top-down”
scans that do not necessarily find the simplest results due to theory biases such as restrictions
on the representations of the parent symmetry or accommodating lepton mixing in addition.
After all, no group has been found that can fully quantize the CKM mixing matrix given the
assumptions made in these scans. Therefore, the non-Abelian groups, if natural, may make
predictions that are substantially corrected via other mechanisms such as renormalization group
running or specific symmetry breaking effects. Our results seem consistent with former studies
of Cabbibo quark mixing, giving us candidates such as (Quasi)Dihedrals and semi-direct product
structures. We reproduce Cabbibo angle within its experimental allowed range for larger groups.
Therefore, we highlight the reconstruction procedure, which may be used for model-building,
both within SM and BSM mixing scenarios.
In many parts of the dissertation, we consider direct detection of BSM physics. However,
one can probe BSM physics indirectly via astrophysical neutrinos, and an ideal observable is
the neutrino flavor composition. Considering the parameter space allowed by standard neutrino
mixing in a systematic approach, we obtain a basis for which a comparison can be made when
including BSM physics. Large deviations are possible for certain BSM scenarios, illustrating
the potential of future neutrino telescopes such as IceCube-Gen2. It is possible for such ex-
periments to exclude roughly 96% percentage of the allowed parameter space by measuring the
flavor composition only. Other observables such as arrival direction, energy-dependence of the
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flavor composition, Glashow resonance events, and expected tau neutrino events can provide
additional information to the analysis, meaning one can possibly constrain the parameter space
further. This shows that astrophysical neutrinos are a promising way to search for BSM physics,
complementary to LHC physics, flavor physics, and dark matter searches.
The future of the Standard Model will be the same as the future of any physics theory that
has been successful at predicting experimental data: it is here to stay. This is because they
are useful theories in the domain they were designed for, i.e. in the limit where the underlying
assumptions are true. Any theory that will surpass the Standard Model will have to include it
as a limit for the range up to the TeV scale, as it must also explain all the experiments that have
proven the Standard Model to be a useful theory. However, as time goes, additional data becomes
available, resulting in a discovery of new physics, providing a future direction for particle physics,
or more stringent limits on possible deviations from the SM. In turn, BSM models are supported
or disproven. An example is supersymmetry, a long-standing BSM scenario, which introduces
particles at the TeV scale. This is accessible for the LHC experiments, however no detection is
made yet. This gives valuable input into the future, whether one wants to pursue supersymmetry
further or investigate other BSM possibilities (both theoretically and experimentally).
Astroparticle physics provides additional useful information about the Standard Model and
the future direction of physics. Quite recently, some new interesting (not BSM) discoveries were
made. Firstly, the LIGO Collaboration announced the detection of gravitational waves [297],
which opens a new way to study astrophysical sources. Secondly, the detection of gravitational
waves together with an electromagnetic counterpart was announced [298]. This observation
supports the multi-messenger framework, where multiple messengers (photons, neutrinos, cosmic
rays and gravitational waves) provide different experimental input about the astrophysical source
and its properties. The ultimate goal is an unified theory of astroparticle physics, which describes
all messengers originating from a single or multiple source classes. There are attempts given in
the literature (see e.g. [299–303]), and as more data becomes available, we are one step closer
to a final theory of particle/astroparticle physics.
Therefore, discovering standard physics, which is not detected yet, or physics beyond the SM





Symmetries for other angles
In this appendix, we study un-physical Cabibbo angles, meaning we restrict the mixing angle
window to 0.7 ≤ sin θC ≤ 0.8. We illustrate that our script, given appropriate inputs, can find
more diverse group structures. We choose the symmetry assignment Gu/d ∼ Zn/m with the
input a, b ∈ {0, 1...10}, O(T, S) ≤ 4, and O(GQ) ≤ 75, and the results are found in Tab. A.1.
We generate groups like S3 and Σ(2 · 42) = ((Z4 × Z4) o Z2) ∈ Σ(2N2) as expected, which are
known in the literature to generate lepton mixing angles (see e.g. [304] and references therein).
Additionally, Tab. A.1 also provides evidence for the plateau seen in Fig. 6.1C is an artifact of
our constraint on sin θC . If this were relaxed, the plateau would disappear.
c Tdiag Si GAP-ID Group Structure sin θC
1
4 [-1, 1] [-1, 1] [8, 3] D8 0.7071
1
4 [E(3)
2, 1] [-1, 1] [18, 3] Z3 × S3 0.7071
1




2, E(3)] [-1, 1] [6, 1] S3 0.7071
1
4 [-i, i] [E(3)
2, 1] [36, 6] Z3 × (Z3 o Z4) 0.7071
1
4 [-i, i] [E(3)
2, E(3)] [12, 1] Z3 o Z4 0.7071
1
4 [-i, i] [-i, i] [8, 4] Q8 0.7071
2
7 [-1, 1] [-1, 1] [14, 1] D14 0.7818
2
7 [-i, i] [-1, 1] [56, 4] Z4 ×D14 0.7818
2
7 [1, -1] [-1, 1] [28, 3] D28 0.7818
2
7 [-i, i] [-i, i] [28, 1] Z7 o Z4 0.7818
Table A.1: Flavor symmetries of ULOCKM using charge assignment Gu/d ∼ Zn/m with O(T, S) ≤ 4
and O(GF ) ≤ 75. We have searched the (non-physical) range 0.7 ≤ sin θC ≤ 0.8.




We want to find an abscissa x rather than an ordinate f(x), and parabolic interpolation is
effective method when locating a minimum. This is done via Brent’s method [156] which is a
minimization scheme in one dimension (multiple dimensions minimization is discussed later),
and it uses the formula
x = b− 12
(b− a)2[f(b)− f(c)]− (b− c)2[f(b)− f(a)]
(b− a)[f(b)− f(c)]− (b− c)[f(b)− f(a)] (B.0.1)
for the abscissa x that is the minimum of a parabola going through three points f(a), f(b)
and f(c), where the triplet of points have to satisfy a < b < c and f(b) < f(a), f(c). This
ensures the method going downhill when locating the minimum. If f(b) > f(a), then the role
of a and b is switched in order to be stepping downhill, whereafter the minimum is located
via parabolic interpolation. A schematical diagram of the parabolic interpolation is shown in
Fig. B.1, where the first interpolation through points ①, ② and ③ leads to the best fit point ④.
To be acceptable, the parabolic interpolation must (i) fall within the initial interval (①, ③) and
(ii) ensure convergence towards the minimum. This means the movement from the best current
abscissa x has to be less than half the movement of the step before last, and the reason is not
to “punish” the algorithm for a single bad step if it can make it up on the next one. Thereafter,
an additional interpolation is performed through points ①, ② and ④, leading to the fit point ⑤,
which is quite close to the actual minimum. This continues until the minimum is some tolerance
distance tol away from a point already evaluated since there is no information gained. A typical
ending configuration for Brent’s method is a and b are 2 ·x · tol apart with x (the best abscissa)
and fractionally accurate to ±tol. This ends the discussion of minimizing in one dimension.
Turning to multiple dimensions, we can use a one-dimensional minimization scheme and mini-
mize along the line n by the one-dimensional method to its minimum and proceed this way in the
N-dimensional space until the function stops decreasing. Various multidimensional minimiza-
tion methods that consists of sequences of line minimizations only differ by how they choose the
next direction n to try in order to find the local minimum in N-dimensions. A simple example
Appendix B Minimization scheme
Figure B.1: Convergence to a minimum by parabolic interpolation. A parabola (dashed line)
is drawn through the three original points 1,2,3 on the given function (solid line).
The function is evaluated at the parabola’s minimum, 4, which replaces point 3.
A new parabola (dotted line) is drawn through points 1,4,2. The minimum of this
parabola is at 5, which is close to the minimum of the function.
is taking the unit vectors e0, e1, ..., eN−1 as a set of directions, moving along the first direction
to its minimum, then along the second direction to its minimum, thereby cycling through the
whole set of directions to locate the minimum. However, this method is very inefficient for some
functions, as shown in a two-dimensional example in Fig. B.2 left, where the method has to
go down a narrow valley, thereby requiring many cycling steps to reach the minimum. More
generally, in N dimensions, many cycles through all N basis vector will be required in order to
get anywhere, and it is computational expensive. Obviously what is needed is a better set of
directions than the unit vectors. A set of directions where the minimization along one direction
is not “spoiled” by subsequent minimization along another is said to be a conjugate set, and if
you do successive line minimizations of a function along a conjugate set of directions, then you
do not need to redo any of those directions when locating the minimum. A method is to come
up with a set of N linearly independent, mutually conjugate directions, and this is done with
Powell’s method [157].
The procedure of acquiring a set of conjugate directions starts with initializing the set of
directions ui to the basis vectors and make use of the following sequence of steps until your
function stop deceasing [157]:
• Save your starting position as P0
• For i = 0, ..., N − 1, move P i to the minimum along direction ui and call this point P i+1
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Figure B.2: (Left) Successive minimizations along coordinate directions in a long, narrow “val-
ley” (shown as contour lines). Unless the valley is optimally oriented, this method
is extremely inefficient, taking many tiny steps to get to the minimum and is com-
putational expensive. (Right) Steepest descent method in the conjugate trans-
formed parameter space of (Left). A step starts off in the local gradient direction,
perpendicular to the contour lines, and traverses a straight line until a local min-
imum is reached, where the traverse is parallel to the local contour lines.
• For i = 0, ..., N − 2, set ui ← ui+1
• Set uN−1 ← PN − P 0
• Move PN to the minimum along direction uN−1 and call this point P 0
Following this procedure k times will produce a set of directions ui whose last k members are
mutually conjugate. Therefore, N iterations, amounting to N(N + 1) line minimizations in all
should locate the minimum. In Fig. B.2 right, a two-dimensional example of a minimization
using conjugate sets is shown, and this minimization needs little effort to locate the minimum
in the center. Therefore, this method is more efficient in localizing a minimum compared to
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